Chapter 2 Transformation of Functions

2.1 Functions and Equivalent Algebraic Expressions

KEY CONCEPTS

» To determine if two expressions are equivalent, simplify both to see if they are
algebraically the same.

» Checking several points may suggest that two expressions are equivalent, but it does not
prove that they are.

 Rational expressions must be checked for restrictions by determining where the
denominator is zero. These restrictions must be stated when the expression is simplified.

» Graphs can suggest whether two functions or expressions are equivalent.

Example

A shipping company designed a scalable box to accommodate different-sized items. The
dimensions of the boxare/ = 3x + 1, w = x—1,and & = x + 1, where x is in metres.
a) Write two equivalent expressions for the volume of the box as a function of x.
b) Write two equivalent expressions for the surface area of the box as a function of x.
¢) Determine the domain of the volume and surface area functions.

Solution

a) V=/{wh
Vix)=0Bx+ Dx-1D(x+1)
=(Bx+ DH(x2-1)
=3x3+x2-3x-1
Two expressions for the volume of the box are V(x) = 3x + 1)(x —1)(x + 1) and
V(x) = 3x3 + x2-3x— 1.
b) SA(x) = 2¢h + 2¢w + 2hw
=2Bx+Dx+ 1D +2Bx+ DH(x—-1) +2(x-D(x+ 1)
=203x2+4x + 1)+ 2B3x*-2x—-1) + 2(x2-1)
=6x2+8x+2+6x2—4x—2+ 2x2-2
=14x2 +4x-2
Two expressions for the surface area of the box are
SAx) =2CBx+ D(x+ 1) +2Bx + D(x—1) +2(x—1)(x + 1) and
SA(x) = 14x% + 4x - 2.
¢) None of the dimensions, nor the volume or the surface area, can be negative. The domain
for both the volume and the surface areais {x € R, x > 1}.
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A Practise 4. State any restrictions for each function.
1. Use Technology Use a graphing calculator a)[ vk
to graph the functions in each pair. Do >
the functions appear to be equivalent?
a) flx) = 2(x=4)* = (x + 2)(x— 1), o 2 i 6 & x
g(x) =2x2-17x + 34 -2 y:_—x(‘xz;();)‘3)
b) h(x) = -3(x2 + 4x—1) + (2x — 5)%, Y

k(x) = x2—-32x + 28

©) flx) = 6(x + 3x—1)— (dx + 2)(2x + 3),
() = 1432~ 34x + 10

d) s(x) = (x + 1)2—4Q2 - x)(x + 3), i

b)

1(x) = =(x + 3)(x —4) + 2(x + 3)2

e) fix) = (x=2)(3x + 1)(x + 4),
g(x) =3x3 + 5x2-5x-8

f) p(x) = (X2 + 2x - 3)(x2—x + 1), <
gx)=x*+x3—-4x* + 5x-3

!
+
1
1 =2
1
. . 1
2. Refer to question 1. For those pairs of -4
functions that appear to be equivalent, :
. | -6
show algebraically that they are. i
Otherwise, show that they are not | -8
equivalent by substituting a value for x. R /
3. State any restrictions for each function. 5. Determine if g(x) is the simplified version
of f(x). If so, state the restrictions needed.
a) SAY

If not, determine the proper simplified
version, and then state the restrictions.

-2 0o 2 4 X2+ 12x + 35
3] / a) flx) = P
xXe-x-12 gx) =x+7

A
AN

Y

x+3 _ x2—36
M) =T 5w
| gx)y=x+6
y
2
O flx) = EOXES
b) YA *
N g(x) = 6x
_2x2+5x-3
;\m — DA =30 Tox + 30
o) x2+3x-4 (x) = 2x—1
5x+ 20 g 3x + 1
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6. Simplify each expression. State all

restrictions on x.

a) x—7
x—4x-21
(x + 3)2(8—2x)
4x2 —4x — 48
0 2x2 + 7x—15
2x* +3x-9
)x2—5x—36
X —4x 45

—-2x
€) 2—x 2
Tx + 2
f)i
6x2 4+ 2x—4
)4x2+4x+1
B4
)2x3—28x2—102x
18x —2x3

b)

B Connect and Apply

7. Evaluate each expression for x-values

8.

—4,-2.0, 3, and 10.
AXx-4HYx+8)-(x-Nx+7)
3x3 + 27x% + 60x

x2+ 6x+ 8

0 x3—16x
2x3 - 16x% + 32x

d) (x + 3)2 + 2x(1 —x)

b)

A circle with diameter 8 cm is removed
from a larger circle with radius r cm.

r d=8cm

a) Express the area of the shaded region
as a function of r.

b) Express the area of the shaded region
in factored form.

¢) State the domain and range of the
area function.

9.

10.

A dairy product company has designed
a scalable cylindrical container to
accommodate the storage of several
different-sized products.

h

The dimensions are r = 2x + 1 and
h = x—2, where x is in metres.

a) Write two equivalent expressions
for the volume of the cylinder as a
function of x.

b) Write two equivalent expressions for
the surface area of the cylinder as a
function of x.

¢) Determine the volume and surface
area for x = 2.5 m.

d) Determine the domain of the volume
and surface area functions.

A company that makes modular
furniture has designed a scalable box to
accommodate several different sizes of
items. The dimensions are given by
L=3x+2 W=2x-0.5,and

H = x + 1, where x is in metres.

a) Express the volume of the box as a
function of x.

b) Express the surface area of the box
as a functions of x.

¢) Determine the volume and surface
area for x-values of 1.25m, 2 m,
and 2.5 m.

C Extend
¥11. Determine if f{xx) and g(x) are equivalent.

Justify your answer.
2
Aoy =+ =D+ 1,

g = [+ |

12. Without using technology, describe the

Bx + 2)2x>-Tx—4)
3x2-10x-8

graph of f(x) =
Justify your answer.
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2.2 SKkills You Need: Operations With Rational Expressions

KEY CONCEPTS

* When multiplying or dividing rational expressions, follow these steps:
— Factor any polynomials, if possible.
— When dividing by a rational expression, multiply by the reciprocal of the rational
expression.
— Divide by any common factors.
— Determine any restrictions.

* When adding or subtracting rational expressions, follow these steps:
— Factor the denominators.
— Determine the least common multiple of the denominators.
— Rewrite the expressions with a common denominator.
— Add or subtract the numerators.
— Simplify and state the restrictions.

Example
Simplify and state any restrictions.
X?=8x+ 15 X2+ x-12 3x+ 12 by—2x-6 _ 3x-12
VTS5 T T -18 X 2x-10 -5x+6 -x-12
Solution
)x2—8x+15;x2+x—12x3x+12 b) 2x-6  3x-12
VY= T T 6x—18 T 2x-10 2-5x+6 x2-x-12
Change the division to multiplication. Factor and determine the restrictions.
_ 2 -8x+ 15, 6x—18 | 3x+12 o 2x-3) 3(x—4)
x—35 x4+ x-127 2x-10 (x=3)(x-2) (x—4(x+3)
Factor, determine the restrictions, and Simplify.
then simplify. __2 3
(-5(x—3)  6(x-3)  3x+4) (x=2) (x+3)
- (x-53) (x-3)x +4) " 2(x-5) Rewrite with a common denominator.
3 C2(x+3)-3(x-2)
_ 5)(x-3) y Bx—3) y 3(x+9) T T =2)(x +3)
4 -5
() (X{/g) (A " 2x =) Expand the numerator, and then simplify.
=(x—3)><3><m _2x+6-3x+6
9(x - 3) 435 (x—2)()lc+3)
= _ 3x T, I, _ —X + 2 . _
(x=5) _—(x—Z)(x+3)’x¢ 3,2,3,4
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A Practise

1. Simplify and state any restrictions.

16y 72y
D) Tgy X Iy

36x4 _ 803
D)5 X Tax
2455 48D
9 "6b * 1653
3x . 27x%
)35, 96y
o Hab 112
156~ 60D
27p%q _ 3p’q
0 1872~ 36r*

2. Simplify and state any restrictions.

12 x—6
)63
b)x;fc-Zx 9x
0 x—8

xX+27 x—-6
7x2 12x + 6
d)6x2+3>x>< 2x + 8
e)4x—20 3x2
x2+6x " 3x-15
x2+ 12x + 32 x+ 1

f x+8
x2+3x+2 x—1

2) x2-1 x2—-2x-8

x2-2x-8 x-3
x+2 x2+2x—-24

h)

3. Simplify and state any restrictions.

x+1 . x+1
a) X+ 2x

x . 1
b)x—37x—3
c)x+12;x—|-12
x+10 " x-5
d)x2+15x; 3x
4x +24 ~ 3x + 18

0) 6x . 9
8x—72 " 2x—18

x>+ 15x +26 . x>—3x-10

X2+ Tx+ 12

0 6x2 ' 30x3
X2=Tx+10 . x>*—4x-35

O 24 T3k +6
2x2-5x-12 . 2x*>+5x +3

)x2+x—20 T2+ 8x+7

4. Simplify and state any restrictions.

6.

a)x-gZ_'_x;Z

b)x—3F9_3x7—4

Dop T2

oAl T
12ab* 164
1l4+a , a—1

D50 T34

2 5
R
11

x—-3 Xx
[

h)x+4
+9

x—-5
i) x—4
x—2 x+5

Simplify and state any restrictions.
a) 4x 2x—1
xX2-9x+18 x-6
x—7 3x

d)x—l_x2+x—2

o) x+3 __ 2x+10
X2+ 1lx+24 x*2+11x+ 30
f S x—4 i 23x+21
x—8x+16 x*+ 12x + 35
) 3x+9  2x-2
8 2 +5x+6 xX2+x-2
4x2 —20x 3x—-6
D 2 2x-35 T ¥ 12x + 20

David competed in a 40-km dirt bike race.
For the first half of the race he rode his
bike at an average speed 8 km/h faster
than in the second half.

a) Let x represent David’s speed in the
first half. Determine a simplified
expression in terms of x for the total
time he took to complete the race.

b) If David rode his bike at an average
speed of 35 km/h in the first half,
how long did it take him to finish
the race?
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B Connect and Apply

7. In each expression, factor —1 from one

8.
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of the denominators to identify the
common denominator. Then simplify the

expression and state the restrictions.
1 1

a)x—S_ - X
2x+1  x-3
e
)a+1_ a—4
524 24-5
2b+5 , 9+5b
D553 t3-%
)x+2_ 4x
9 x-2 " 2—x
3x + 2 2x + 1
D3-4x " 31 ax
6b—5 ,  b+3
2+5 T 2-b
3¢+ 7 -8
D) T=5¢c T 561

Anna wants to make an open-topped box
using a rectangular piece of cardboard
with dimensions 120 cm by 100 cm. She
plans to cut a square of side length x from
each corner.

T ] A
| 1
—+ -
[ 1
__I__J |__.|.__
100 cm
——|—X—1 e
l ]
X -+
| |
1 1 v
« 120 cm >

a) Write an expression for the volume
of the box as a function of x.

b) Write an expression for the surface
area of the open-topped box as a
function of x.

¢) State the domain for this situation.

d) Write a simplified expression for the
ratio of the volume of the box to the
surface area.

e) Refer to your answer to part d).
What are the restrictions on x?

9. Consider a cylinder with height 2 = 3x -4
and radius r = 2x + 3.

h=3x-4

a) Determine the ratio of the volume of
the cylinder to its surface area.

b) Determine any restrictions on x for
your answer to part a).

10. Use Technology

a) Use graphing technology to graph
1 1

=533t =g

b) Rewrite the function using a
common denominator. Then, graph
the rewritten function.

¢) Compare the graphs. Identify how
the restrictions affect the graph.

C Extend

11. Simplify the expression and state any
restrictions.

x2-16 2x2 + 6x
x2=x-12 " 3x2+9x-12
3+ 7x+4 . 3xP-x+4
2x2-x-3  14x*-21x

12.If a = %and b= %, write each expression

+

in terms of x and y, in simplified form.

a) a+b
a-b
a b
Ly S
13. If x = Z i ;, write each expression in
terms of «, in simplified form.
a) x> — 1
x+ 1
b) x+2



2.3 Horizontal and Vertical Translations of Functions

KEY CONCEPTS

 Translations are transformations that cause functions to shift from one place to another
without changing shape.

* The graph of g(x) = f(x) + ¢ is a vertical translation of the graph of f(x) by ¢ units.
If ¢ > 0, the graph moves up ¢ units. If ¢ < 0, the graph moves down ¢ units.

* The graph of g(x) = f(x — d) is a horizontal translation of the graph of f{x) by d units.
If d > 0, the graph moves to the right d units. If d < 0, the graph moves to the left d units.

* A sketch of the graph of any transformed function can be created by transforming the
related base function.

* In general, the domain and range of a function of the form g(x) = f{ix —d) + c can be
determined by adding the d-value and the c-value to restrictions on the domain and range,
respectively, of the base function.

Example

Each graph represents a transformation of a base function, f{x) = x, f(x) = x2, f{x) = VX, or

fix) = % State the base function and the equation of the transformed function.
a)[ Ty b)
8.

Y

Solution

a) The base function is f{x) = x%. The vertex of the graph is (4, —5), so f(x) = x? has been
translated 4 units right and 5 units down; d = 4 and ¢ = 5.
The equation of the transformed function is g(x) = (x —4)? - 5.

b) The base function is f{x) = %, which has asymptotes at x = 0 and y = 0. The asymptotes of
the graph are x = -3 and y = 4, so f{x) = %has been translated 3 units left and 4 units up;

d=-3and c = 4.
The equation of the transformed function is g(x) =

1
x+3+4'

Functions 11 Exercise and Homework Book « MHR 33



A Practise e) g(x) = % +2

1. a) Copy and complete the table of values. fe(x)=Vx +3

X |ﬂx) = \/E‘r(x) =flx)— 4‘s(x) =fix+5) g) g(x) = ﬁ

0

1 4. Use words and function notation to

4 describe the transformation that can be
applied to each graph of f{x) to obtain the

9 graph of g(x). State the domain and range

b) Use the points to graph each of fix)and g(x).

function on the same set of axes.

¢) Explain how the points of the
translated functions relate to the
actual transformation.
fix)
2. Given the graph of f{x), sketch a graph of
each function by determining the image
points A’, B, C', D', E', F', and G'.

xY

b) [y

a) b(x) = f(x) + 6 q(x)
b) g(x) = flx) — 4 -6 /

©) h(x) = flx = 3)

d) m(x) = fix + 1) ©) vA
e)n(x)=f(x-1)+9 81
f)r(x) = fix +2)-7 6 fx)

3. For each function g(x), identify the base
function as one of f{x) = x, flx) = x2,
fx) = x, or f(x) = %, and describe the =
transformation in the form
y = f{x—d) + ¢ and in words. Then
sketch a graph of g(x) and state the
domain and range of each function.
a)g(x)=x-7
b) g(x) = x> + 3
)glx)=vx+9

d) g(x) = (x - 5)?
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5. Use words and function notation to

describe the transformation that can be
applied to each graph of f{x) to obtain the
graph of g(x). State the domain and range
of f{x) and g(x).

a)

b) YA

B Connect and Apply

6.

¥10.

Y11.

Use the base function f{x) = x. Write the
equation for each transformed function.

a) b(x) = flx + 2)

b) h(x) = fix) =5
¢)m(x) = fix) +9

d) n(x) = fix-3)-7
e)r(x) =fix+4)+6
f)s(x)=fix+2)-8
g)t(x)=fix—-5 +1

Repeat question 6 using the base function
fix) = x%

Repeat question 6 using the base function
flx) = x.

Repeathuestion 6 using the base function
fx) =%

Is each statement true or false? Support
your answer with an example or a graph.

a) When transforming a function using
translations, a horizontal translation
must be applied before a vertical
translation.

b) The function y = x — 2 could be a
vertical translation of y = x two
units downward or a horizontal
translation of y = x two units to the
right.

Which of these transformations are
equivalent to horizontally shifting

fix) = x five units left? Justify your answer
by writing the transformed equation.

a) vertical translation of 5 units up
b) vertical translation of 5 units down

¢) vertical translation of 3 units up and
horizontal translation of 2 units right

d) horizontal translation of 3 units left
and vertical translation of 2 units up

e) vertical translation of 1 unit up and
horizontal translation of 4 units right
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12. Each graph represents a transformation

of one of the base functions f{x) = x,
fx) = X% fix) = Vx, or fix) = % State

the base function and the equation of the
transformed function.

a) YA
8.

64

<Y

b)

A

-4 -2 o] 2

[)]

|
AN
|
n
o
= oo ————
I
()]
[eo]
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13.

d)| vA
6' /

4

2.
0 2 4 6 x

Y

The cost, in dollars, to produce x units of
a product can be modelled by the function
c(x) = Vx + 400.

a) State the domain and range of the
cost function and interpret their
meanings.

b) The first 8 units of this product are
sold, but are not included in the cost.
Write a new function representing the
cost of this product.

¢) What type of transformation does
the change in part b) represent?

d) How does the transformation in part
b) affect the domain and range?

C Extend

14.

a) State the transformed function
g(x) = f(x + 6) + 5 for each of the
base functions f{x) = x, f(x) = x?,

f(x) = Vx, and f(x) = % Use words
to describe how each base function is
transformed.

b) Transform the resulting function
g(x) in part a) by applying another
transformation, /(x) = g(x —4) - 3.
Use words to describe how each
function g(x) is transformed.

¢) Describe a transformation p(x)
that can be applied to f{x) that
gives the same result as the two
transformations applied in
parts a) and b). Justify your answer.



2.4 Reflections of Functions

KEY CONCEPTS

Numerical Graphical Algebraic
Reflection Representation Representation Representation
y = f(-x)| A point (x, ) | The graph is reflected in the y-axis| Replace x with —x in the
becomes (—x, p). V=0 YA fx)=Ax expression.

\

- 8 40| 4 8 x

y = —f(x)| A point (x, y) The graph is reflected in the x-axis.| Multiply the entire expression

becomes (x, —p). YA fx)=x by 1.
21 /
<% 3o 78 X
_2-
Y y=-flx)
y = —f{—x)| A point (x, y) The graph is reflected in one axis | First replace x with —x in the
becomes (—x, —y).| and then the other. expression and then multiply,
N fx) =Ax the entire expression by —1.
2
“ % 3 78 X
_2-
y=-fx) Y
Example

Use algebra to determine if g(x) is a reflection of f{x). Check by graphing.
a) f(x) = x*-5 gx)=—x2+5
b)fix) =Vx +8  g(x)=V8-x

)= +3 g =—1y-3

Solution

g(x) is a reflection of f(x) if one of these conditions is true:
i) g(x) = —fx)
i) g(x) = f(-x)
i) g(x) = —f(-x)
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a) flx) = x> -
Check condition 1).
~(x) = —(x*~5)
=-x2+5
= g(x)

Since g(x) = —f(x), g(x) is a reflection of f{x) in the x-axis.

b) fix) =+Vx + 8

Check condition ii).
Check condition 1). fi=x) =-x + 8
fx) =~V + 8 —\§-x
# g(x) = g(x)

Since g(x) = f(—x), g(x) is a reflection of f{x) in the y-axis.

gx)=8-x YA fx)=+x+8

-12 -8 -4 0 4 8 12 x
Y

¢) flx) = —1 +3
Check COIldlthIl 1). Check condition i). Check condition iii).
Ax) = -3 fex) = =g + 3 Sfix) = = -3
_ L _ 1 __ 1
T-x 3 “x+1t3 “x+13
# g(X) # g(x) # g(x)

Since g(x) is not equivalent to f{(—x), —f(x), or —f(—x),
g(x) is not a reflection of f{x). Note that g(x) is a
vertical translation of f{x) 6 units down.
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A Practise

1. Copy each graph of f{x). Sketch g(x),
which is the reflection of f{x) in the
y-axis. State the domain and range of
each function.

a) YA
4]

3. For each function f{xx) in question 1,

sketch a graph of k(x) =

—f(—x). State the

domain and range of each function.

4. For each function f(x), determine the
equation for g(x).

a) flx) = \x—21 + 9
b) fix) = (x + 8)2— 17
o) fix)=(x—-172+11
Fed) flx) = g+ 5
e)fix)y=—\x+4+19
Hfl) =g +3
g)f(x)—x+18

g(x) = —f(x)
g(x) = f(=x)
g(x) = —f=x)
g(x) = ~=x)
g(x) = fl=x)
g(x) = —f(x)
g(x) = ~f(=x)

b) 7y

()
~
e ;E
>

1
: 2 x
1
1
'y
d) vA
4.
f(x)
2_/
O —>
2 o] 2 4 x
-2-
Y
e) vA

2. For each function in question 1, sketch
h(x), which is the reflection of f{x) in the
x-axis. State the domain and range of
each function.

5. For each graph, describe the reflection
that transforms f{x) into g(x).

a) vA
6.
alx) 4 %)
< 2
< 4 [2 o 2| 4 6 x
_2-
Y
b) YA
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B Connect and Apply
6. Use Technology Use graphing technology

8.

(x+3)2%-1.

a) Determine the invariant point(s), if
any, when f{x) is reflected in

to graph the function f{x) =

i) the x-axis
ii) the y-axis
iii) the x-axis and the y-axis

b) Write the equation of a quadratic
function that has an invariant point
for all the reflections in part a).
Justify your answer.

Determine algebraically whether g(x) is a
reflection of f{x). Check by graphing.

D) =242 gx)=—x2+2
b) flx) = () = -

O/ =—ts =7

d) fix) = (x—6)>+2 g(x)=—(x+ 6)2_
Q) =Vx+12-7 gl =—Vx+12-7
DA)=%-9  g)=—5-9

a) Graph the function f{x) = (x + 3)*—

b) Graph g(x), which is the reflection of
f(x) in the y-axis. Write the equation
of g(x).

¢) Determine a translation that can be
applied to f{x) to obtain g(x).

d) Verify algebraically that the

transformations in parts b) and c) are
the same.

e) Predict if the same would be true for
reflections in the x-axis. Explain.

f) Would this work for any other type of
function? Explain.

9. a) State the base function f{x) that

corresponds to each transformed
function, g(x)

i) g(x) =

i) g(x) =

—5+4

W-
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b) Describe the transformations that are
applied to the base function to obtain
each function in part a).

¢) For each function in part a) write the
equations for
k(x): a reflection in the x-axis,
p(x): a reflection in the y-axis, and
¢(x): a reflection in the x-axis and in
the y-axis.

C Extend

10. a) Sketch a graph of f{x) = Vx reflected in
each given line. Write the equation of
the transformed function, g(x).

ix=-1
i) x = 2
jiii) x = -3

b) In each case, describe two
transformations that give the same
result as g(x).

¢) Will the results from part b) be true
when f(x) = vx is reflected in the line
x = a,{a € R}? Explain. Write the
corresponding transformed function.

11. Use Technology
a) Given f(x) = V16 — x2, write the
equations of f(—x), —f(x), and —f(—x).
Which functions are equivalent?
b) Graph each function. Determine any
invariant points.

¢) State the domain and range of each
function.

12. a) Identify the invariant points when the
circle x> + y? = 36 is reflected in
i) the x-axis
ii) the y-axis
iii) the x-axis and the y-axis
b) Will the results in part a) be true for
all circles? Explain.



2.5 Stretches of Functions

KEY CONCEPTS

* Stretches and compressions are transformations that cause functions to change shape.

* The graph of g(x) = af(x), a > 0, is a vertical stretch or a vertical compression of the
graph of f(x) by a factor of . If @ > 1, the graph is vertically stretched by a factor of a.
If 0 < a < 1, the graph is vertically compressed by a factor of a.

* The graph of g(x) = f(kx), k > 0, is a horizontal stretch or a horizontal compression of the
graph of f(x) by a factor of % If k > 1, the graph is horizontally compressed by a factor

of % If 0 < k < 1, the graph is horizontally stretched by a factor of %

Example

In each case, write the equation of the transformed function, g(x), that results from applying
the given transformation(s) to the base function f{x). Sketch f{x) and g(x) on the same set
of axes.

a) f(x) = %is stretched horizontally by a factor of 4
b) f(x) = vx is compressed vertically by a factor of %

Solution
a) The parameter that corresponds to a horizontal 7
stretch by a factor of 4is k = % 6
1
gv) = f(1x) g
1
= ( 1 ) g(x) = %
TX
44 2 4 6 x
=X

The transformed function is g(x) = %

b) The parameter that corresponds to a vertical YA ) =lx_
compression by a factor of % isa= % 2] a0 =15¢7
_1 < >
800 =35/%) o 2 & & 8%
B l Y

The transformed function is g(x) = %x/f :
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A Practise
1. a) Copy and complete the table of values.

x f=x g0 =30 hw)=r(3x)

b) Sketch a graph of the functions on
the same set of axes.

¢) Explain how the points on the
graphs of g(x) and A(x) relate to the
transformation.

2. Given each graph of f{x), graph and
label g(x).

a) g(x) = 2f(x)

YAR(X) = x
2

YA
4.
f(x) = x2
“Z o 7%
—41
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d) 2(x) = /(%)

. For each function g(x), identify the value

of a or k and describe how the graph of
g(x) can be obtained from the graph

of f(x).
2) g(x) = 8/(x)
b) g(x) = /(6x)
¢) g(x) = 3/x)
@) 2x) = /()

. For each function g(x), describe the

transformation from a base function
of f(x) = x, fix) = x2, fix) = Vx, or
f(x) = . Then sketch a graph of f(x)
and g(x) on the same axes.

a) g(x) = 12x
b) g(x) = (4x)*
Q) g(x) = ¥
@) g() =%
e) g(x) = \25x
N e =3
B Connect and Apply

5. Ineach case, write the equation of the

transformed function g(x) that results
from applying the given transformation
to the base function f{x). Sketch f{(x) and
g(x) on the same set of axes.

a) f(x) = x?is stretched vertically by a
factor of 2

b) f(x) = vx is compressed horizontally

by a factor of 3

¢) fix) = % is stretched horizontally by a

factor of 2



6. Acceleration due to gravity, a, varies

from planet to planet. The distance of
the object from the drop location after ¢
seconds is given by d(¢) = %IZ. The table
shows the estimated acceleration due to
gravity for different planets.

Acceleration Due to

Planet Gravity (m/s?)
Earth 9.8
Neptune 11.4
Mercury 3.6

a) State the base function, f{¢), for d(¢).

b) Describe the transformation that is
applied to f{¢) to obtain d(¢).

¢) Write the equation that represents the
distance of an object from the drop
location on each planet.

d) Compare the domain and range of
each function in part ¢). What do you
notice?

. Describe the transformation applied to
the graph of f{x) to obtain the graph of
g(x). Write the equation for g(x).

a)[ A
8.

61

b) [7
4
21\ )
e

A

8. Consider the graph of f{x) = V25— x2.
YA

<Y

Y

Use transformations to sketch each graph
of g(x). Write the equation of g(x) and
state the domain and range.

) g(x) = 2/x)
b) g(x) = /(2x)
©) g(x) = 11)
@ 500 = /()

C Extend
9. a) Use Technology Use technology to

graph f(x) = x*— x2.

b) If g(x) = 2/(x) and A(x) = g(2x),
determine the equations for g(x)
and /A(x).

¢) Without using technology, describe
and sketch a graph of g(x) and A(x).

d) Is there a single transformation
that will transform f{x) into /4(x)?
Explain.

% 10. Describe how the graph of

fix) = —0.4x? + 18 can be transformed
into the graph of g(x) = —10x> + 18.
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2.6 Combinations of Transformations

KEY CONCEPTS

* Stretches, compressions, and reflections can be performed in any order before translations.

* Ensure that the function is written in the form y = af[k(x — d)] + ¢ to identify specific
transformations.

* The parameters a, k, d, and ¢ in the function y = af[k(x — d)] + ¢ correspond to the
following transformations:
a corresponds to a vertical stretch or compression and, if @ < 0, a reflection in the x-axis.
k corresponds to a horizontal stretch or compression and, if k& < 0, a reflection in the y-axis.
d corresponds to a horizontal translation to the right or left.
¢ corresponds to a vertical translation up or down.

Example

Transformations are applied to each function f(x). Identify the parameters «, k, d, and ¢
that correspond to the transformations, and then write the equation of the transformed
function, g(x).

a) The graph of f(x) = Vx is reflected in the y-axis, stretched horizontally by a factor of 3,
and then translated 5 units left and 7 units down.

b) The graph of f(x) = % is reflected in the x-axis, compressed horizontally by a factor of l,
and then translated 6 units right and 2 units up.

Solution
a) Since the graph of f{x) = vx is reflected in the y-axis and stretched horizontally by a factor
of 3, then k = —%. A translation of 5 units left indicates that 4 = —5. A translation of 7

units down indicates that ¢ = —7.
1
) = fl 3+ 9|7

= dx+5-7

b) Since the graph of f(x) = %is reflected in the x-axis, then a = —1.

A horizontal compression by a factor of % indicates that £ = 4. A translation of 6 units
right indicates that d = 6. A translation of 2 units up indicates that ¢ = 2.

g(x) =~f[4(x - 0)] + 2

___ 1
= ix-6) "2
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A Practise

1. Compare each transformed equation to

vy = af [k(x — d)] + ¢ to determine the
values of a, k, d, and c. Then describe, in
the appropriate order, the transformations
that must be applied to a base function
f(x) to obtain the transformed function.

a) g(x) = 3f(x - 5)

b) g(x) = 5/(x) + 4
) gx)=flx+6)+2
@) () = f(3x) + 7
e) g(x) = f(2x) - 8

f) g(x) = 5/(x) -3

. Repeat question 1 for each transformed
function g(x).

a) g(x) = 4f(3x) -2
b) g(x) = —5f(x) + 6
©) g(x) = 3flx—8) + 1
@) g(x) = fi-2x) + 6
Q) g(x) = f(4x) - 1
N () = 250 -7

. Describe, in the appropriate order, the
transformations that must be applied
to the base function f{x) to obtain the
transformed function. Then write the
corresponding equation and transform
the graph of f{(x) to sketch a graph

of g(x).

a) f(x) = \x
g(x) = 2f(4x)
b) A1) =%
gx)=-3fix-1)+7
¢) flx) = x?
g0) = /[ + 1)
d) f(x) = x

g(x) = —4f(x) - 6

Functions 11 Exercise and Homework Book

4. Repeat question 3 for f{x) and the

transformed function g(x).

a) f{x) = x

¢0) =3/ +2)]-4
b) f(x) = x?

g() = —4f2x—1)] + 6
¢ flx) = V¥

g() = 3/2x + 5] +4
@) /) =+

g(x) = 5-(x-D] +2

. For each function, identify the base

function as one of f(x) = x, f{x) = x?,
fix) =+x,orfix) = % Sketch the graphs
of the base function and the transformed

function, and state the domain and range
of the functions.

a) b(x) = Tx -2

b) e(x) = 4x* -3

¢) h(x) = (3x + 18)?
d) p(x) =4x-3

e) m(x) =

x+9
Hr(x) = d—x +6
B Connect and Apply

6. Given the graph of the function f{(x),

sketch each graph of g(x).

N &

xY

a) g(x) = 2f(x + 3)
b) g(x) = f(2x) + 5
¢) g(x) = fdx - 16)
d) g(x) = 3/(-0.5x + 1)-3
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7. Match each equation with its graph
below. Justify your choice.

2
VY =wg )

Fb)y = 3Vx F 4 +3

y=3x-2+1
Oy =[-s[+2
| VA
N
ol
4]
5]
D 0" 2 4 8 x

iii) 7
6.
2.
-8 -4 0 8 12 16 x
Y
lv)<\'::
2.
S8 6 -4 -2 0 2 4 x
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8. Match each equation with its graph

below. Justify your choice.

By=——5+1
b)y=2V—x+4—1
gy=—t7+1
d)yZ%\/x-i-—S—%

i) vA

_2-
Y

ii) 7\

2.
- X
6 -4 -2 0_’2_;'1_,6__1

/—'2"

—41

Y

iv) 7N

61 |1

]

1

H 1

1

S
————————— ——I———————————
-4 -2 o 2 6 8 X

1

=27 1

1

Y




%09,

10.

Andrew and David are planning a canoe
trip. They want to compare how the travel
time for each portion of the trip will vary
according to the speed at which they
travel. For the first part of the trip, they
will travel 24 km across a calm lake. For
the second part of the trip, they will travel
18 km up a river whose current flows at

4 km/h. For the last part of the trip, they
will travel 36 km down a river that flows

at 3 km/h. They used the relationship

t = 5, where ¢ is time in hours, d is
distance in kilometres, and s is speed in
kilometres per hour, to establish that at

a speed of s km/h, the time it will take to
travel along the lake is ¢, = %, the time
to travel up the river is ¢, = %, and the

time taken to travel down the river is

ty=—"%.
s+3

a) Identify the base function f{s) for this
situation.

b) Describe the transformations that
must be applied to f{s) to obtain each
time function.

¢) Graph each function on the same set
of axes.

d) How long will each part of the trip
take if they paddle their canoe at a
constant speed of 6 km/h?

The value, in thousands of dollars, of a
certain new boat can be modelled by the

equation V(t) = %, where ¢ is the time,

in years.

a) Sketch a graph of this relation.
State the domain and range for
thissituation.

b) What was the initial value of the
boat?

¢) What is the projected value of the
boat after each time?

i) 1 year
ii) 3 years
iii) 7 years

C Extend

11. Given each graph of a base
function f{x), sketch the graph
of g(x) = 2f(0.5x - 1.5) + 4.

i) VA
24

M
|

N
o
4
2 7

-121

-181

—241

121

A

' By

12. a) Given the base function f{x) = x*, use
a table of values or a graphing
calculator to sketch a graph of y = f(x).

b) Sketch a graph and determine an
equation for each transformed function.

i) g(x) = 4f(—x + 9)
i) h(x) = ~f{gx—1) + 3
13. The equation of a circle, with centre at

the origin and radius r, is given by
x? + y? = r2. Describe the
transformations needed to graph each
circle, and sketch the circles.
a)(x-3)2+(-5*=16
b)(x +2)2+ (y-7> =4
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2.7 Inverse of a Function

KEY CONCEPTS

« The inverse of a function f{x) is denoted by f~!(x).

* The inverse of a function can be found by interchanging the x- and y-coordinates of
the function.

* The graph of f7!(x) is the graph of f{x) reflected in the line y = x.

» The inverse of a function can be found by interchanging x and y in the equation of the
function and then solving the new equation for y.

 For algebraic inverses of quadratic functions, the functions must be in vertex form.

* The inverse of a function is not necessarily a function.

Example

Consider the function f{x) = x> + 4x + 1.
a) Determine the equation of the inverse, /'(x), of f(x).
b) Graph f(x) and /~!(x) on the same set of axes.
¢) Determine if /~!(x) is a function.

Solution

a)y=x>+4x+1
y=2+4x+4)+1-4

y=(x+2?>-3
Interchange x and y and solve for y.
x=((+2>*-3
x+3=(+27
W +3=p+2
F\x+3-2=y
flx)=*+x+3-2
b) vA
N =x2+ax+1
2
< —

-4\ -2 2 4  bx
2.
flx)=tvx+3-2

-4-\

Y

¢) Consider x = 1.
i) =+1+3-2
=0or—4
The inverse of f{x) is not a function.
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A Practise

1.

Write the inverse of each function.
Then state the domain and range of the
function and of its inverse.
2){(2,6),(3, 1), (4,-1), (5, 2)}
b){(=3,7), (=2, 5), (-1,-2), (0, =6)}
d)
\ [
/ \
Domain Range
Copy each function. Then sketch the
inverse of the function, and state the
domain and range of the function and
of its inverse.
a)[ vA
4.
° 21
% 3 2 o0 > 46 &
-2
-4 °
Y
b) VA |
6.
41 .
2 ]
% § 2 o 2 4 6 &
27
41
1 Y

3. Copy each graph of f{x) and then sketch
the graph of the inverse of f{x) by
reflecting in the line y = x. State whether
or not the inverse is a function.

a) YA

f(x)

<Y

b) YA

4. Determine an equation for the inverse of

each function.

a) f{x) = 5x

b) f(x) = 4x -3
o) fix)y=-—x+7
d) fix) = —2x3+ 1

5. Determine an equation for the inverse of

each function.

a) fix) =x>+5
b) f(x) = 7x?

¢) fix) = (x + 3)?
d) f(ix) = %xz -4
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6. For each quadratic function, complete the

square and then determine the equation
of the inverse.

a)f(x) =x2—4x +3

b) f(x) = —x? + 14x -39
¢) flx) = 2x> + 16x + 30
d) f(x) = —3x2—24x - 100

. For each function f{x),
i) determine f/7!(x)

ii) graph f(x) and its inverse, with or
without technology

iii) determine if the inverse of f{x)isa
function

a) flx) = ~4x + 5

b) lx) = 3x—6

o) flx)=(x-3)>+38

d) flx) = —x2 + 16x— 61

B Connect and Apply

8. The relationship between the surface

area of a sphere and its radius can be
modelled by the function S(r) = 472,
where S represents the surface area and
represents the radius. The graphs of this
function and its inverse are shown.

SA
400+

phere

w
o
?

(units?)

n
D
il

N
I
e

Surface Areaofa §

0 2 4 6 8 'r
Radius (units)
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%09,

10.

rA

Radius (units)

0 100 200 300 400 s
Surface Area of a Sphere
(units?)

a) State the domain and range of the
function S(r).

b) Determine an equation for the
inverse of the function. State its
domain and range.

Aubrey works at an appliance warehouse.
She earns $450 a week, plus a commission
of 8% of her sales.

a) Write a function that represents
Aubrey’s total weekly earnings as a
function of her sales.

b) Find the inverse of the function from
part a).

¢) What does the inverse represent for
this situation?

d) One week Aubrey earned $1025.
Calculate her sales for that week.

At one point in 2008 the Canadian dollar
was worth US$0.89.

a) Write a function that expresses the
value of the U.S. dollar, u, in terms
of the Canadian dollar, c.

b) Find the inverse of the equation
in part a). Round to the nearest
hundredth. What does the inverse
represent?

¢) Use the inverse to convert US$250 to
Canadian dollars.



¥ 11.

12.

If an object is dropped from a height of
100 m, its approximate height, /(¢) metres,
above the ground ¢ seconds after being
dropped is modelled by the function

h(t) = 100 —4.97%.

a) Graph the function. State the domain
and range for this situation.

b) Determine the inverse of /(z). State
its domain and range.

¢) Explain what this inverse represents
in terms of the context of the
question.

d) How long does it take for the object
to hit the ground?

Determine whether f{x) and g(x) shown
in each graph are inverses of each other.
Explain your reasoning.

a) VA
A\ %)
4]
g(x)
2.
-2 0 2 4 6 10 x
_2-
Y
b) YA
8.
1 aw
4.
fix)
2.
6 -4 -2 o 2/ 4 6 x
-2
41

C Extend

13.

14.

15.

a) Determine the inverse of the function
fix) =2x-5.
b) State the domain and range of the
function and its inverse.

¢) Sketch a graph of the function and
its inverse.

a) Determine the inverse of the function

J = 3x2— I

b) State the domain and range of the
function and its inverse.

The relationship between the measure
of an interior angle, @, in degrees, of a
polygon and its number of sides, n,

can be modelé%c(l) by the function

a(n) = 180 —=~.
a) Determine the inverse of the
function.

b) State the domain and range of the
function and its inverse.

¢) Sketch a graph of the function and
its inverse.
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Chapter 2 Review

2.1 Functions and Equivalent
Algebraic Expressions

1. Determine if the functions in each pair

are equivalent.

a) flx) = —4(x> + x-2) + 2x-3)%,
gx)=x>—-16x+ 17

b) fix) = 5(x* + 2x—3) - 2x + 5)(—x + 1),
g(x) =7x*> + 13x-20

©) fix)=(x+52-2@3-x)(x+ 1),
gx) =2(-x>+4x-8) + (x + 4)>-6

2. State the restrictions on f{x). Then
determine whether g(x) is the simplified
version of f(x). If not, determine the
proper simplified version.

W) = SIS gy xS
b A = SESIZEE g o

3. Simplify each expression and state any
restrictions on x.
a) x+8
x2+ 10x + 16
b) 8x2—6x-9
45> + 27x + 18

2.2 Skills You Need: Operations With
Rational Expressions

4. Simplify and state any restrictions.
2) 64a*b _ 63a’b3
21ab? 8ab
54a’b* . 1084*b

b) el 2 T Td5c
3x—4 _ 2x + 18
c)x+9>< 3x—4
—-5x—-24 x—5
)5 15 X v+ 4

e)x 4 . 4—x
x—3 2x-6
f)xz%—llx+24;x—8
X2+ 2x-3  x-1
5. Simplify and state any restrictions.
3
)—+—
7+b
b % g
x+10 , x-3
91 Tx+2
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d) 8&x—-3  2x+1
X2-7x+12 x-4

4x+1 x—6
e)x+3 + x2-9

f) 5x+25 10x —20
X+TIx+10 x2-4

2.3 Horizontal and Vertical
Translations of Functions

6. Use the base function f{x) = x. Write
the equation for each transformed
function.

a)s(x) =fix+2)-8
b) t((x) = fix—-5) + 1

7. Repeat question 6 for each base
function.

) =x i)fly) = i) fix) =

8. Each graph represents a transformation
of one of the base functions f(x) =X,
Sfx) = x2, fix) = vx, or f{x) = . State
the base function and the equatlon of
the transformed function.

a)

b)




2.4 Reflections of Functions

9.

10.

Determine if g(x) is a reflection of f{x).
Justify your answer.

a)fix)=vx-13+6 gx)=—V13—-x-
b) f(x) = x2-2 gx)=x2-2
) fix)y=Vx+7 gx)y=Vvx-7
DN = 77578 60 =T+

For each function f(x), determine the
equation for g(x).

a) flx) =Vx—-1+8 g(x) =-Ax)
b) fix) = (x— 3)2 +10 g(x) = ~f-x)
fix)=177-2 &=+

2.5 Stretches of Functions

11.

12.

For each function g(x), identify the
value of a or k and describe how the
graph of g(x) can be obtained from the

graph of f(x).

a) g(x) = 9f(x)

b) g(x) = f(3X)

¢) gx) = 5f(x)

@) g0x) = /(3

For each function g(x), describe the

transformation from a base function
of fix) = x, fix) = x% flx) = VX, or

f(x) = +. Then transform the graph of
f(x) to sketch a graph of g(x).

a) g(x) = 13x

b) g(x) = (5x)?

0 g() =13

@) g0 =

2.6 Combinations of Transformations

13. Compare the transformed equation to

y = af [k(x — d)] + ¢ to determine the
values of the parameters a, k, d, and

¢. Then describe, in the appropriate
order, the transformations that must be
applied to a base function f{x) to obtain
the transformed function.

a) g(x) = Tx - 1)

14.

1
b) ¢(x) = $/x) 3
)gx)=fix+9)+8
1
@) g(x) = f(%x) + 10
Given each base function f{x), write the
equation of the transformed function

g(x). Then transform the graph of f(x)
to sketch a graph of g(x).

) flx) = ¢) = ¥2)
b) flx) = g) = flx—4) + 9
Of) = gl = /g + 9|
d) flx) = x ¢(x) = -2f(x=7)

2.7 Inverse of a Function

15.

16.

Copy each graph of f{x). Then sketch
the inverse of each function, and state
the domain and range of the function
and of its inverse.

a) YA
44 .

2

A
<Y

2 o 24 6 8

b) vA

A

-4y

Determine an equation for the inverse
of each function.

a)fix)=-2x+7

b) f(x) =

) fix) = (x—?»)2 +1
d) fix)=—x2+9
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Chapter 2 Math Contest

1.
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The roots of 8x%—6x = 9 are x; and x,.
What is the value of (x; + 1)(x, + 2)?
3 S 7 3
A > B3 C 3 D-3
What is the greatest possible integer
value for k such that the equation
(1 = 5k)x> + 6x—2 = 0 has two distinct
real roots?

A2 B0 Cl

Given f(x) = 2°* 73, what is the product
of f(x) and A2 - x)?

A1024 B16

D-1
C 256

D8

Determine the value of x such that
3X — 3x- 2 — A

729
Ax=28
Bx=3
Cx=-+H4
Dx=-3

Determine the integer values of x and y
so that 3 F1 + 3% =4 +2-7(4),

Ax=0,y=0
Bx=1,y=2
Cx=2y=1
Dx=-1,y=-2

Consider the function y = ax”. What is the
value of rso that y = 6 when x = 4, and y
= 24 when x = 64?

Al Bl C4

2 4 D2

If cos A = 4 such that m < A < 2,
what is the value of tan A?

3 3 4 b

3
4

Consider AABC, with vertices
A(2, 2), B(0, 0), and C(4, —2). What is the
measure of £ C to the nearest degree?

A37° B 48° Cs53° D 65°

10.

11.

12.

13.

14.

15.

In the diagram, O is the centre of the circle,
£ 0OAB = 25°, and £OCB = 48°.
Determine the measure of 2~ ABC.

B
&
A 48° B 63° C23° D 55°

Determine the sum of four natural
numbers a, b, ¢, and dif @ + b3 = 1729
and ¢ + d? = 1729.

A 24 B 32 C28 D 36

What is the ones digit for the value 819017

Ifx=a+bandy =a-b,
3x—21y)2; X2 —49y?
6x +12y) * 2x% + 8xy + 87

in terms of a and b, in simplified form.

express (

Determine the least number that can
be expressed as the sum of two perfect
squares in two different ways. Justify
your answer.

Determine the value of
1+3+5+-+49)
-2+4+6+ -+ 50).

How many rectangles are in this
diagram?




