Answers
Advanced Functions 12 Study Guide and University Handbook
Chapter 1

1.1 Power Functions

1.
2.

AN

a

a)2b)3¢c)10d)1 e3H4g6hl

a) line b) point c¢) line d) point e) point

f) line g) line h) point

Even-degree power functions have line

symmetry in the y-axis. Odd-degree power

functions have point symmetry about the

origin.

a) quadrant 2 to 1, even exponent, positive
leading coefficient

b) quadrant 2 to 4, odd exponent, negative
leading coefficient

¢) quadrant 2 to 1, even exponent, positive
leading coefficient

d) quadrant 2 to 4, odd exponent, negative
leading coefficient

e) quadrant 2 to 4, odd exponent, negative
leading coefficient

f) quadrant 2 to 1, even exponent, positive
leading coefficient

g) quadrant 3 to 4, even exponent,
negative leading coefficient

h) quadrant 3 to 1, odd exponent, positive
leading coefficient

a)yes b)no c¢)no d)no e)yes f) yes g)no

Answers may vary. For example:

a)y=x"b)y=2x33¢y=-xd)y=-x?

a)no b)yes ¢)yes d)no

a)

b) The domainis {r e R |0 =r = 30}
The range is approximately {4 € R |
0=A4=28274}

¢) Similarities: The functions A(r) = 772
and y = x?are both quadratic, with
positive leading coefficients. Both
graphs pass through the origin
(0, 0) and have one end that extends
upward in quadrant 1.

Difterences: The graph of A(r) has
a restricted domain. Since the two
functions are both quadratic power

functions that have different leading
coefficient, all points on each graph,
other than (0, 0), are different.

. a)

b) {re R|0=r=230};
{CeR|0=C=188.5}

¢) Similarities: linear; positive leading
coefficient; passes through the origin; one
end extends upward in quadrant 1.
Differences: C(r) has restricted domain;
all points, other than (0, 0), are
different.

quadrant 3 to 1; degree 5; leading
coefficient 1; same shape; same domain
and range; g(x) and /A(x) are horizontal
translations of f{(x)

b)

quadrant 2 to 1; degree 4; leading
coefficient 1; same shape; same domain
and range; g(x) and /A(x) are horizontal
translations of f{(x)

¢) They have the same end behaviour and
shape. The function y = (x + b)"is a
horizontal translation of y = x". If
b > 0, there is a horizontal translation
to the left. If b < 0, the horizontal
translation is to the right.

d) Answers will vary.
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10. a)

b) Similarities: domain {x € R}, range
{y € R}, degree 3, positive leading
coefficient 3, end behaviour: quadrant 3
to 1, point symmetry about the origin,
y-intercept 0
Differences: f(x) = 3x*and
h(x) = 3x + x and both have one
x-intercept: 0; g(x) = 3x3 — x has three

x-intercepts: 0, *—.
P V3

11. a)

b)i) {x € R}; {y € R, y = 0}; line symmetry
in the y-axis; quadrant 2 to 1

ii) {x e R}; {y € R, y = 0}; line
symmetry in x = 2; quadrant 2 to 1

iii) {x e R}; {y e R,y =—1}; line
symmetry in x = 2; quadrant 2 to 1

iv) {x e R}; {y e R,y =-1};line
symmetry in x = 2; quadrant 3 to 4
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b) domain {x e R, 0 =r =12}
range {s € R, 0 =5 = 1809.6}

¢) Similarities: both are quadratic
functions, end behaviour to quadrant 1,
positive leading coefficients
Differences: s(r) = 472 has restricted
domain, s(r) = 47% is obtained by
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applying a vertical stretch by a factor
of 47 of the graph of y = x2, therefore
other than (0, 0) all points are different.
13.2) y = —;(x + 1) -4 to y = x° Reflection
in the x-axis, vertical by factor >
translation 1 unit to left and 4 units down
b) y=—(x+ 1)’~4toy = x'
Reflection in the x-axis, vertical by
factor %, translation 1 unit to left and
4 units down

C) Bery, 1 y=x3 ¥

Il
=

N

il -

/ [ 2000

y=—(x+1)’ -4 B
2 1 5
y=—5(x+1) -4

14. a)

b) Similarities: quadrant 3 to 1, degree 5,
leading coefficient 1, same domain and
range, y = (x + 3)°and y = (x - 3)° are
horizontal translations of y = x°
Differences: different point symmetry.
The graph of y = (x + 3)° is obtained
by translating the graph of y = x?
three units left, whereas the graph of
y = (x — 3)° is obtained by translating
the graph of y — x3 three units right.

Bae 7 7>




The volume of this conical reservoir Similarities: domain {x e R}, range

can be described with the function {y e R}, end behaviour: quadrant 3 to
V(r) = %mzs, where r is the radius in 1, positive leading coefficient

metres and s is the depth of water in Differences: different point symmetry,
metres. The maximum diameter of the x-intercepts, y-ntercepts

cone is 10 m; therefore, the maximum )

radius is 5 m. The maximum depth of
water in the cone is also 5 m. As the
reservoir fills with water, the radius and
the depth of water increase at the same
rate. Therefore, we can substitute r for s
in the function for volume. The result is

a function with only one variable r: degree 4
V(r) = 1 3 Similarities: domain {x € R}, end
37 behaviour: quadrant 2 to 1, positive
b) leading coefficient, line symmetry in the

y-axis
Differences: range, x-intercepts,
y-intercepts

d)
¢) The domain is r € [0, 5]. The range is
approximately V' e [0, 130.9].
16. a)
degree 5
Similarities: domain {x € R}, range
{y € R}, end behaviour: quadrant 3 to
1, positive leading coefficient
Differences: x-intercepts, y-intercepts,
degree 2 f(x) = x> has point symmetry about
Similarities: domain {x € R}, end origin, g(x) = (x = 3)* (x + 2)’ has no
behaviour: quadrant 2 to 1, positive symmetry
leading coefficient 17. Answers may vary. For example:

Differences: f(x) = x% range {y € R,
y = 0}, line symmetry in the y-axis
g(x) = x?>—2x:range {y e R, y = -1},
line symmetry in x = 1

b)

y = sin x is a trigonometric function, not a
polynomial function.

degree 3
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1.2 Characteristics of Polynomial
Functions
1. a)degree 1, leading coefficient —3
b) degree 2, leading coefficient 1
¢) degree 5, leading coefficient —2
d) degree 4, leading coefficient 6
e) degree 3, leading coefficient 5.25
a)5b)3 c)4 d)4
3. Graph a): a) positive b) quadrant 3 to 1
¢) no symmetry d) local maximums 2,
local minimums 2; no minimum or
maximum points
Graph b): a) negative b) quadrant 2 to 4
¢) no point symmetry about origin
d) local maximum 1, local minimum 1; no
minimum or maximum points
Graph ¢): a) positive b) quadrant 2 to 1
¢) no symmetry d) local maximum 1, local
minimum 2; minimum point 1, no maximum
point
Graph d): a) negative b) quadrant 3 to 4
¢) no symmetry d) local maximum 2, local
minimum 1; no minimum point, maximum
point 1
4. a)i) quadrant 2 to 1 ii) fourth iii) 24
b) i) quadrant 2 to 4 ii) first iii) -7
¢) i) quadrant 2 to 4 ii) seventh iii) —15120
d) i) quadrant 3 to 4 ii) second iii) —12
e) i) quadrant 3 to 4 ii) fourth iii) —12
f) i) quadrant 3 to 1 ii) third iii) 162
a) and ii1); b) and iv); ¢) and ii); d) and 1)
Construct a finite difference table. Determine
the finite differences until they are constant.

N

Al

lst zlld 3“’ 4ﬂ’l
X | Y | Differences | Differences | Differences | Differences
=3 | 140
=2 | 37 | 37140
=-103
-1 8 8§-37 =29 -
=29 (-103)
=74
0| 5 |5-8=-3|-3-(29) | 2-6-74
=26 =48
1| 4 |4-5=-1|-1-3) |2-26 24— (~48)
=2 =-24 =24
2| 5 |5-4=1 |1-¢1) |2-2=0 |0-(24)
=2 =24
3 32 | 32-5 27-1 26-2 24-0=24
=27 =26 =24
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©)

i) Since the 4! differences are constant,
the table of values represents a quartic
function.

ii) Since the 4! differences are positive, the
leading coefficient is positive.

iii) The value of the leading coefficient is
the value of a such that

24=anX (n-1) X ... X2XxX1].
Substitute n = 4:

24 =a(4 X3X2X1)

24 = 24a
a=1
b)
1st znd 3ni
2 y Differences Differences Differences
-3 0
2| -4 |-4-0
=4
1l 0 |o-4=4 |4-(4=8
0 6 6-0=6 6-4=2 2-8=-6
1 8 8-6=2 2-6=-4 -2=-6
2 0 0-8=-8 -8-2=-10 -10-(-4)
=6
3| 24 | 24-0=-24 | -24-(8) ~16 - (-10)
=-16 =6

i) Since the 34 differences are constant, the

table of values represents a cubic function.

i) Since the 3" differences are negative, the

leading coefficient is negative.

iii) The value of the leading coefficient is the
value of a such that
—6=danXn—-1) X ... X2X1].
Substitute n = 3:

—6=a(3 X2 X 1)
—6 = 6a
a=-1
1t g
22 y Differences Differences
-3 36
-2 16 16 -36 = 20
-1 4 |a-16=-12 ~12-(=20) = 8
0 0 |o0-4=-4 4-(-12) =8
1 4 4-0=4 4-(-4)=38
2 16 |16-4=12 12-4=3%
3 36 36-16 =20 20-12=38

i) Since the 2™ differences are constant,
the table of values represents a quadratic

function.



ii) Since the 2" differences are positive, the

leading coefficient is positive.

iii) The value of the leading coefficient is the
value of a such that
8=dnXn—-1)X...X2X1].
Substitute n = 2:

8=al2 X 1)
8 =2a
a=4

. a) The function P(x) is a polynomial of
degree 4; therefore, it is a quartic function.

b) Since the degree of this polynomial
is 4, then the 4 finite differences are
constant. The value of the constant
finite difference isa[n X (n—1) X ...

X 2 X 1], where a is the leading
coefficient and 7 is the degree.
Substitute n = 4 and a = 0.65:
Constant finite difference =
0.65(4 X 3X2X1)=15.6

¢) The function is quartic with positive
leading coefficient. The graph extends
from quadrant 2 to quadrant 1.

d) Since x represents the number, in
hundreds, of flying discs sold, x cannot
be a negative number. Therefore, the
domainis {x € R, x = 0}.

e) The x-intercepts of the graph represent
the break-even point.

f) P(x) = 0.65x*—3.5x>—12
P(5) = 0.65(5)*—3.5(5)> - 12
= 306.75
The profit from the sale is $306,750.

a) degree 4; leading coefficient is negative;

end behaviour: quadrant 3 to 4

b)

¢) 24

. Unrestricted domain and range because they
extend from quadrant 2 to 4 or quadrant

3 to 1; no maximum points, no minimum
points; at least one x-intercept, at least one
y-intercept

10. TI-nspire graphing calculator was used to

solve this problem.

a) Open Lists and Spreadsheets
application and enter the data into
a list.

Open Data and Statistics application
and add speed variable to the x-axis and
stopdistance variable to the y-axis.

b) Click on Menu button; choose 3:
Actions; choose 5: Regression; choose
4: Show Quadratic. The result is a
quadratic model of the data:
y = 0.005683x% + 0.45115x + 0.680237

Linear function does not seem like a
good fit:
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Cubic function adds a cubic term with ¢) i) 4, positive ii) quadrant 2 to 1

leading coefficient so small that it does iii) », -3 (order 3)
not make a big difference compared d) i) 4, negative ii) quadrant 3 to 4
with the quadratic function: iii) 4, -1 (order 2), 2

2. a)i)—7,-0.5, 3.5 ii) positive: -7 < x <-0.5,

x > 3.5; negative: x <-7,-0.5 < x <
3.5 iii) no roots of order 2 or order 3

b) i) 6 (order 2), 5 (order 2) ii) positive: no
intervals; negative: x < -6, -6 < x < 5,
x > 5 iii) order 2: yes, order 3: no

¢) i) 0 (order 3), 4 ii) positive: 0 < x < 4;

11. Polynomial functions used to draw graphs negative: x < 0, x > 4 iii) order 2: no,
will vary. For example: a) y = x° order 3: yes

b)y=(x=-3 (x+1F gy=x(x=Dx+1) 3 2§ 0 (order 1), 3 (order 3) i) % (order 1), -2

x=2(x+2)d)y=(x-1)°
12. E)dd (iggree n): m)ifl)imém 1 i-intercept, (order 1), 1 (order 1) i) —4 (order 2),

maximum 7 x-intercepts 3 (order2)
Even degree 7: minimum 0 x-intercepts, b) i) neither ii) neither iii) neither iv) neither
maximum 7 x-intercepts ) i)

13. a) The surface area of the silo (not including
the top and bottom) can be represented as:
A(r) = (circumference of the base) X

(height)
A@r) = 27r) X (h)
where r is the radius and / is the height
of the silo ii)
Since% =% then i = 6r
Substitute 6r for A:
A@r) = 27r) X (6r)
A(r) = 1272
b) V(r) = (area of the base) X (height)
V() = (7r?) X (h)

Substitute 6r for A: iii)
V(r) = (mr* ) X (6r)
() = 6773

¢) A(r) = 127r* domain {r € R,
r> 0}, range {4 € R, 4> 0},
ends in quadrant 1
V(r) = 67r3: domain {r € R,

r>0},range {V € R, V> 0}, 4. a)i) Since the exponent of each term
ends in quadrant 1 is even, y = —x* + 3x%is an even
function.
1.3 Equations and Graphs of Polynomial ii) Since the function is even, it has line
Functions symmetry about the y-axis.
1. a)i) 3, positive ii) quadrant 3 to 1 b) i) Since the exponent of each term
iii) 0, 2, -3 is odd, y = —6x + 5x%is an odd
b) i) 4, negative ii) quadrant 3 to 4 function.
iii) 2, 4 (order 2), 6 ii) Since the function is odd, it has point

symmetry about the origin.
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a

¢) i) Some exponents in y = x*— x? +
4x + 2 are even and some are odd, so
the function is neither even nor odd.

ii) Since the function is neither even nor

odd, there is no line symmetry about
the y-axis, and no point symmetry
about the origin.

Answers will vary. For example:

a) y = (x —4)* (x + 3); neither

b) y = (x—2)? (x — 5); neither

¢);y = (2x—D@x-3)(x + 1); neither

d) y = —(x + 2)(x — 1)% neither

a) line symmetry b) neither
a) f(x) = —x(x + 3)(x + D(x—2)
b) (x) = X2 (x + 1)(x—2)(x—5)?

. Answers may vary. For example:

a)y = x(x + 6)(x—5)

b) y = —x2 (x + 6)(x—5)

0)y= —x2 (x + 6)? (x — 5)?

d)y = —x(x + 6)(x—Y9)

. a) flx) = (30— 13x—x?)(x?>— 10x + 25)

Ax)=2-x)(15 + x)(x=5)(x—5)
x=2orx=-150rx =5 (order 2)

Verify the answers using a graphing
calculator:
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b) g(x) = (x3 —4x? + 4x)(2x2—Tx + 3)

g(x) = x(:2—4x + 4)(2x2—Tx + 3)

g(x) = x(x—2)* 2x— 1I)(x - 3)
x=0orx =2 (order2)or x = 501X = 13
Verify the answers using a graphing
calculator:

©) h(x) = (x> —8x + 15)(27 - 3x?)
h(x) = 3(x—5)(x—3)(9—x?)
=-3(x—35)(x—3)?(x + 3)
x = 5Sorx = 3 (order2)or x = -3
Verify using a graphing calculator:

10. Answers may vary. For example:
y=-x*-1

11.a)y = % (x + 2)3 (x — 3)% neither
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b) y = —3(x + 2)? (x— 1)%; neither

¢y = _% (x + 3)(x + 2)? (x —2)% neither

12. Answers may vary. For example:
y="Tx}(x—1)(x—2.2)*(x—3)

4.,

2

y =T7x% (x—l)(x —2.2) (x—3)

1.4 Transformations
1. a)a=5k=1,d=1, c=0;vertical stretch by
a factor of 5 and a reflection in the x-axis;
translation 1 unit to the right
b)a=3,k=1,d=0,c=5; vertical stretch
by a factor of 3; translation 5 units up
a=-1,k=3,d= %, ¢ = 0; reflection in
the x-axis; horizontal compression by a
factor of % translation % units to the right
d)az%,kz 1,d =2, ¢ = 0; vertical
compression by a factor of %; translation
2 units to the right
e)a= %,k =6,d =1, c =—4; vertical
compression by a factor of %; horizontal

compression by a factor of l; translation 1
unit right and 4 units down

HDa=7k=-1,d=0,c= 1, vertical stretch
by a factor of 7; reflection in the y-axis;
translation 1 unit up



2. a){xeRL{reRIb){xeR} {yeR, i)
y=5le){xeR}, {reR y=0}
Di{xeR}l,{reR, y=0}e) {x e R},
eRiD{xeR} {yeR}

3.
b)i) y = x* {x € R}, {y € R, y = 0}; vertex:
(0, 0), axis of symmetry: x = 0
y=50"{xeR}, {y eR,y=0}
vertex (0, 0), axis of symmetry: x = 0
: .. . ii)y=x*{xeR}, {yeR
4. a)andi); b) and iii); ¢) and ii); d) and iv) )i _ _2(;5 N 1)3:}{;;)}6 [R{},}{y e R}
ll‘v" i)y =5(x-D* {x e R}, {y e R,
1 y = 0}; ver tex: (1, 0), axis of
| symmetry: x = 1
2 y=5-(x+ DI*+ 3: {x € R},
N N {y e R, y = 3}, vertex: (-1, 3), axis
of symmetry: x = -1
7. a)i)
) l
N \
l
1 |

5. a)y = 5(-x)* vertical stretch by a factor of

5; reflection in the y-axis

b) y = —2(x + 1)3; vertical stretch by a i)
factor of 2 and a reflection in the x-axis;
translation 1 unit to the left

¢) y = 5[-(x + D]* + 3; vertical stretch by
a factor of 5; reflection in the y-axis;
translation 1 unit to the left and 3 units up

6. a)i)
jiii)
ii)
iv)
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b)

Value of cin y = alk(x — d)]"

Transformation of the Graph of

+c y=axt
>0 Translation ¢ units up
<0 Translation |¢| units down

Value of diny = a[k(x— d)|" + ¢

d>0

Translation d units right

d<0

Translation |d| units left

Value of aiin y = alk(x —d)|" + ¢

a>1 Vertical stretch by a factor of a
0<a<l1 Vertical compression by a factor
of a
d<a<0 Vertical compression by a factor
of |a| and a reflection in the
X-axis
a<-1 Vertical stretch by a factor of |a]

and a reflection in the x-axis

Value of k in y = alk(x - d)|" + ¢ | Transformation of the Graph of

y=x
k>1 Horizontal compression by [a]
factor of %
0<k<l1 Horizontal stretch by a factor
of E
k<0 Horizontal stretch by a factor of
|l and flection in th .
7| and a reflection in the y-axis
k<-1 Horizontal compression by a

factor of 7| and a reflection in
the y-axis

a)a=%,k=—2,d=—4,c=—10
b) The function y = x*is vertically
compressed by a factor of 3 horizontally

compressed by a factor of % and a

reflection in the y-axis, translated left |
4 units, translated down 10 units.
¢) domain: {x € R}, range: {y € R,
y =-10}, vertex: (-4, —10), axis of
symmetry: x = —4
d) Apply transformation represented by a
first, then k, then d and ¢, or apply k first,
then a, then ¢ and d.
a)i)c=4,d=2y=(x-2>+4
ii) domain: {x € R}, range: {y € R}
b))k =5,d= 3y = [s(x-IF
ii) domain: {x € R}, range: {y € R,
y = 0}, vertex: (3, 0), axis of symmetry:
x=3
Oi)a=2k=-1,c=-2,d=-4;
y=2Hx +4)P -2
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ii) domain: {x € R}, range: {y € R}

Oia=-1k=-%c=3d=-1
1

y=fg DF+3

ii) domain: {x € R}, range: {y € R,

y = 3}, vertex: (—1, 3), axis of symmetry:
x=-1

10. a) i) vertical stretch by factor 3, reflection

in x-axis, translation 2 units right and
4 down
i)y =-3(x-27>-4

iii) y-=x?
MEL
2
Y
Byl \
¥
“l3(x-2y -4

iv) {x e R}, {y e Ry =-4}
b) i) vertical stretch by factor 2, horizontal
compression by factor > translation
3 units to left
ii) y = 2(2x + 6)*
fii)

vV —

™

L
+

iv){xeR}, {y eR,y=0}
¢) i) vertical compression by factor >

reflection in x-axis, horizontal stretch

by factor 2, translation 1 unit to right

and 5 down

P I N L

i) y = ) 2(x 1)) -5

iii) y ) x3

1 N A

]
/

i
|
|
|
|

» P i
;

. T .
|
]
|

s



iv) {x e R}, {y e R}
11. a) horizontal shift three to the left and

one down
b) y=x*+x?
“A MRS TA-
I
| |
Vol
| |71
| o
| |
\
iy

y=[(c=3) «(x3]-1

¢) For y = x* + x3, the x-intercepts are 0, -1
Fory =[(x + 3)* + (x + 3)%] -1,
the x-intercepts are 4.4, 2.2
d) For y = x* + x3, domain = {x|xe},
range = {yyeR,y =-0.1}
For y = [(x + 3)* + (x + 3)’] - 1,
domain = {xxe},
range = {yyeR,y=-1.1}
12.2) y = [-3((x—2) - 2)(x—2) + 3)
(x=2)+5+1
y=-3x-4x+ x+37>+1
by y = 330 - 4(x) + 1)
(—x) + 3 + 1]
y=—x—d)(1-x)(3-xP +
13. a) reflection in the x-axis; horizontal
compression by a factor of %

b)

14. a)

b)y=2x-1P3+2(x-1?>-2(x-1)+4
Vertical stretch by a factor of 2 and
translation of 1 unit to the right were
applied to the original function.
y=2(x)> + 2(x)>-2(x) + 4
y=2x+x*-x+2)
y=x’+x2-x+2
Original function: y = x> + x2—x + 2

1.5 Slopes of Secants and Average Rates

of Change
1. ¢),e), andf)
2. A: constant and negative, B: zero,
C: constant and 1positive

3. A:-3, B:0, C: 3

4. a)-2 b)-3.8 ¢)—4 d)-2.7

5 74

6. a) Average rate of change =
Alndex _ 128.8 —120.5 _ 33
AYear 2004 - 2003 :
Average rate of change =
Alndex _ 137.8 —128.8 _ 9
AYear 2005 -2004
Average rate of change =
Alndex _ 1442 -137.8 _ 6.4
A Year 2006 — 2005 :
Average rate of change =
Alndex _ 150.1-144.2 _ 59

AYear — 2007 - 2006
b) The greatest average rate of change was
between 2004 and 2005. The least was
between 2005 and 2006. The average rate
of change of the new housing price index is
positive but decreasing; the increase of prices
of new houses is slowing down.
¢) The average rate of change of the New
Housing Price Index over the 4-year period,
between 2003 and 2007, is 7.4. The average
rate of change is positive; the prices of new
houses are still increasing during that period.
From part b) we see that the increase of
prices is slowing down. This implies that
the housing market in the St. Catharines-
Niagara area is still doing well.
7. a) Average rate of change
_ AWater Amount
ATime
[150000 - 7500(10) + (10)2] - [ 150000 - 7500(5) + (5)7]
10-5

_ 75100 —112525
B 5

= —7485 gallons per minute

b) Average rate of change
_ AWater Amount
B ATime
[150000 - 7500(10) + (10)2] - [ 150000 - 7500(9) + (9]
10-9

_ 75100 — 82581
1

= —7481 gallons per minute
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c¢) Average rate of change
_ AWaterAmount
ATime

[150000 — 7500(10) + (10)2] — [150000 — 7500(9.99) + (9.99)?]

10 — 9.99

_ 75100 — 75174.8001
0.01
= —7480.01 gallons per minute
= —7480 gallons per minute
The estimated rate of change at which
the water runs out after exactly
10 minutes is —7480 gallons per minute.
8. a)i) 14.1 ii) 13.5 iii) 13.4 iv) 12.9 v) 12.6
b) 12.6 c) same
9. a)i) constant and positive ii) constant and
negative iii) zero for first 4 months and
then constant and positive
by i) i)y
10. a) Marshall: 5.75 m/s; Teagan: 5.25 m/s
b) Marshall: 9.8 m/s; Teagan: 2.5 m/s

11. a) i) Average rate of change
_ Acost
~ Atime
(4500 + 1530)(4) — 0.04(4)%) ~ (4500 + 1530(0) ~ 0.04(0°)
= 40

= $1529.36 per year

jif) (4500 + 1530(7) - 0.004(7)%) — (4500 + 1530(4) — 0.004(4%)
T4

= $1526.28 per year
fii) __ (4500 + 1530(9) ~ 0.004(9)") ~ 4500 + 1530(7) ~0.0047)

97
= 1522.28 per year
b) The production became more efficient
over time as average cost decreased.
12. a) i) Average rate of change

Aheight
~ “Atime
(120 —4.9(4)») — (120 - 4.9(1)?)
- 4-1
=-24.5m/s
. (120 — 4.9(6)%) — (120 — 4.9(4)?)
if) = 6—4
=-49 m/s
o (120-4.9(7)%) - (120 — 4.9(6)3)
iii) = 776
=—-63.7m/s

b) The average rate of change represents the
average speed of the ball.
¢) The ball is falling faster as times passes.
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13. a) i) Average rate of change

_ Apopulation
~ Ayears
_ 15596 -13 500
1996 — 1991
= 419.2 people per year
ii) 16039 -15596
2001 - 1996
= 88.6 people per year
17290-16 039
2006 — 2001
= 250.2 people per year
iv) 17290 - 13 500
2006 — 1991
= 252.7 people per year
b) Answers may vary.
14. a) approximately 0.18°C/h
b) between hours 12 and 14
¢) Answers may vary. Sample answer:
between hours 2 and 4 and between
4 and 6
15. a) The average rate of change is the change of
distance with respect to a change in speed,
1.e., the time it takes for a vehicle to stop.
ADistance
ASpeed
Since distance is measured in metres
and speed in km/h, divide the distance
by 1000 in order to change the distance
into km.
(d(30) - d(20))/1000
B 30-20

 ([0.01(30)2 - 0.25(30) + 10] — [0.01(20)> — 0.25(20) + 10])/1000
= 10

iii)

b) i) Average rate of change =

~ (11.5-9)/1000

10
= 0.00025 h .
ii) Average ra(t);1 E)sf change = ADistance
& & ASpeed

Since distance is measured in m and
speed in km/h, divide the distance by
1000 to change the distance to km.
_ (d(50) - d(40))/1000

B 50-40

—([0.01(50)*~ 0.25(50) + 10]—[0.01(40)2 — 0.25(40) -+ 10])/1000
= 10

_(22.5-16)/1000
- 10

= 0.00065 hours




ADistance
ASpeed

Since distance is measured in m and

speed in km/h, divide the distance by

1000 to change the distance to km.
(d(70) — d(60))/1000

70 — 60
_([0.01(70)*~ 0.25(70) + 10] ~ [0.01(60)? ~ 0.25(60) + 10])/1000

iii) Average rate of change =

10
_ (41.5-31)/1000

10
= 0.00105 hours .
iv) Average rate of change = ADistance
g g ASpeed

Since distance is measured in m and
speed in km/h, divide the distance by
1000 to change the distance to km.

~(d(90) - d(80))/1000
- 90— 80

_ ([0.01(90)2~ 0.25(90) + 10] - [0.01(80)> - 0.25(80) + 10])/1000
= 10

~ (68.5—54)/1000
N 10
= 0.00145 hours
¢) As the speed increases, the average rate of
change is positive and increasing.

d)

16. a) negative, zero, negative
F 3

A 4

b) positive and increasing
&

¢) positive and decreasing
A

.
L

d) changes periodically from negative to zero
to positive, etc.

N

F §

L 4

1.6 Slopes of Tangents and Instantaneous
Rates of Change
1. a)i) negative ii)—1 b) i) zero ii) 0

¢) i) positive ii) =1.8

2. a)2,6,18, 54,162,486 b) —0.02, —0.028,
—0.034, —0.04, —0.044, —0.05
3. Method 1: Points on the Tangent Line

Estimate the slope of a tangent at the
point (4, 7) on the graph by sketching an
approximate tangent line through that point
and then selecting a second point on that
line. Select the point (7, 4).
— 4-7 _ =3 _

7—4 3
The instantaneous rate of change at the
point (4, 7) on the graph is —1.
Method 2: Graph and Two Points
Estimate the instantaneous rate of change
from the graph by finding the slope of a
secant passing through the given point (4, 7)
and another point close to (4, 7) on the
curve. Select the point (6, 4).

417 3

Mm=e—y =5 =—-15
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4. a)—0.65 mm/s b)i)—0.93 mm/s
ii) —0.70 mm/s iii) —0.48 mm/s iv) —0.26 mm/s

<)

The slope of the graph is negative and

increasing.
5. a)
Interval AP At AP
At
9=r= [0.2(10) + 10-9=1 ¥=3_8
10 500] - [0.2(9)
+ 500]
=520-516.2
=38
99=1 [0.2(10)2 + 500] 10-9.9 @
=10 ~10.2(9.9) =01 B
-+ 500] =398
= 520-519.602
=0.398
9.99 < ¢ [0.2(10) + 500] 10-9.99 0~8309198
=10 ~10.2(9.99) =0.01 3098
+ 500] =
=520
~519.96002
=0.03998
10=1¢ [0.2(10.1)? 10.1-10 0.402
=101 + 500] =01 0.1
- [0.2(10)2 =4.02
+ 500]
= 520.402 - 520
=0.402
10=1¢ [0.2(10.01)? 10.01 - 10 0.04002
=10.01 + 500] =0.01 0.01
~[0.2(10) =4.002
+500]
= 520.04002
-520
= 0.04002
0=t=< [0.2(10.001)* 10.001 =10 | 0.0040002
10.001 + 500] =0.001 0.001
~10.2(10)2 = 4.0002
+500]
= 520.0040002
-520
= 0.0040002

b) Time intervals before and after 10 years
decrease in size.
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¢) As the size of time intervals decreases,
the average rate of change approaches
4. Therefore, the instantaneous rate of
change at 10 years is approximately 4.
This value represents increase in
population at 10 years.

6. a) 1101 b) Answers will vary. For example:
—9805, 1132 ¢) On average, the number of
births per year is increasing.

7. a) The warmest day occurred on day 7, since

the thickness of the ice was the smallest.

b) Rate of change = m, , = %

_-13_
=1 = 1.3

¢) Instantaneous rate of change = i—g
(1) — 7(0.999)
T 1-0.999
= [0.1(0.999)* + 1.2(0.999)% — 5.4(0.999)
+ 12]-[-0.1(1)* + 1.2(1)> - 5.4(1) + 12]
0.001

_7.7033009 - 7.7
B 0.001
= 3.3009 cm/day = 3.3 cm/day

d) Average rate of change
T+ m-17() T+ h-T(1)
- (d+hw-1 h
e) i) Average rate of change
T4 +0.1)-T7(1) T(1.1)-1(1)
T a+o0n-1 0.1
= [-0.1(1)> + 1.2(1)> = 5.4(1) + 12]
—[0.1(1.1)3 + 1.2(1.1)>= 5.4(1.1) + 12]
0.1

_ 17 _07i3789 ~ 3 cmlday

ii) Average rate of change

T +0.00)-T(1) _ T(1.01) - T(1)
ST a+00h)-1 001
= [F0.1(1) + 1.2(1)2 = 5.4(1) + 12] -

[-0.1(1.01)* + 1.2(1.01)2 - 5.4(1.01) + 12]

0.01

_7.7-7.6670899
N 0.01
= 3.29101 cm/day = 3.3 cm/day




8.

9.

iii) Average rate of change

_ (1 +0.001) - 7(1) _ 7(1.001) - 7(1)

(1 +000)-1 ~ 0.001

= [F0.1(1) + 1.2(1)2 = 5.4(1) + 12] -
[0.1(1.001) + 1.2(1.001)2 - 5.4(1.001) + 12]

0.001

_ 1.7-17.6967009
B 0.001
= 3.2991 cm/day = 3.3 cm/day

f) The instantaneous rate of change of the
thickness after one day is approximately
3.3 cm/day.

—8; tangent line: y = —8x — 48

a) 250

b) Dollars per system sold

¢) This tells us that the rate of change in
profit is increasing at a rate of $250/unit
when 1000 systems are sold.

10.2) I0m/s b)—-2m/s

11. a) Average rate of change =

C) [RR RAD AUTO REAL ]
m y\\_/
(1.7)\\
: 5
;.‘0_7', “*;|

d) The particle is moving away from the
origin between 1 and 4 s. It was moving
towards the origin at 1 s.

P(10 + h)— P(10)

(10 + ) - 10

e) Answers may vary. For example: Yes
because the population is growing.
f) No, the population is shrinking in 30 years.

12. a)

Rachel is running on a track. At the
beginning she is running away from
the start/finish position, and then
she changes direction and runs back
toward the start/finish line.

b)

¢) At time ¢ = 0 s, Rachel is at the
start line at position s = 0 m. At ¢
= 3.5 s she is running away from
the start position. At t = 7 s she is
at the farthest position s = 36.75 m,
where she changes direction and starts
running back toward the finish line. At
t = 14 s she is back at the finish line
with position s = 0 m.

2010 + Y + 55(10 + A’ + 15(10 + k) + 22000] - [F2(10)° + 55(10)° + 15(10) + 22000]
= h

b) i) 482 people/year
ii) 440 people/year
¢) 515 people/year

13.2)

The depth of the fish is increasing.
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At Ad
At

Interval Ad

F4-1°-3@4-17 | 4-3 -33.5
+0.54-1)-2]- =1 1
[,(3 - 1)3 — 3(3 — 1)2 =-335
+0.53-1)-2]
3 -30) +
0.5(3) - 2] - [-(2)}
-3(2 +0.5(2) - 2]
(-54.5) - (-21)
-335

[F4-1P-34-1y -19.375
+0.54-1)-2]- =0.5 0.5
35— 13-33.5 =-3875
—12+0.53.5-1)
-2]

() =307 +
0.53) - 2] - [-(2.5)
~3(2.5? + 0.5(2.5)
— 2]

(-54.5) - (-35.125)
-19.375

[~@4-1)3-3@d- 1) -4.331
+0.54-1)-2] =0.1 0.1
—[G9-13-33.9 =—43.31
12+ 0539-1)
-2]

[-(3)*-3(3)* +
0.5(3) - 2] - [-(2.9)
~3(2.92 + 0.52.9)
— 2]

(-54.5) - (=50.169)
-4.331

0.443801
0.01
=-44.3801

3.99 = H4-1y-3@d-1)

=4 +0.54-1)-2]-
[~(3.99-1) -
3(3.99 - 1)
+0.5(3.99-1)-2]

=[-(3*-33)* +
0.5(3) = 2] - [(2.99)}
~3(2.99) +
0.5(2.99) - 2]

= (-54.5)
~ (~54.056199)

= —0.443801

4-3.99
=0.01

¢) As the time ¢ approaches 4 s, the average

rate of change approaches —44.4 m/s. The

fish’s velocity at t = 4 s is —44.4 m/s.

d4)=—-4-1>-34-1>+054-1)-2
=—(3)-3(3)> + 0.5(3)— 2
=-54.5m

At time ¢ = 4 s, the fish is swimming at

depth a of 54.5 m.
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Chapter 1 Challenge Questions
Cl.4
C2. 2)

b) 0, 23.498; concentration of dye is zero at
t=0sandr=23.5s5¢)9.3
C3. a) 250 m, 2250 m, 9000 m
b) distance increases by 9 times

C4. -6,y = —6x + 36

C5.844mby 10.44m C6. $165/unit

C7. 25 times C8.(3,7)
(9. 4.45;,0 < x<6.83
Chapter 2
2.1 The Remainder Theorem
3 -2 -8 _ 4, —433
1. a) 15 —3x—17x+85+)CJr5
b) x # —5
¢) (3x* — 17x + 85)(x + 5) — 433
3+ 232 —6x+1
2. a) x+1 N n
31,2 _
3x° — 3x* + 5x 11+x+1
b) x # —1
)(Bx* =32+ 5x—1D)(x+ 1)+ 12
22 —x+5_ 26
3. a)W—2x—7+x+3,x¢—3
X —x—10 _
L
A+ 15+ =10 x4
x+4
X2 —dx+4 _
c) =
x—2 g
X +3x+2+—5,x#2
x—2



LRI DN B

10.
11.

12.
13.

14.
15.

16.

d) 3x4 + 2x2x— 6x + 1 _
1

33+ 2x =6+ 5, x#0
o 4x3 — 10x% + 6x — 18 _

) 2x =5
-3 5
2 S
2x +3+2x_5,x#2
23— x2+8x+4_ , 8
f o — 1 A T
)x5—10x4+20x3—5x—95:
g x+ 10
x* — 20x3 + 220x2 — 2200x + 21995
—220045
+ x+ 10

a)—24b)7 ¢)-3d)0
G+IIX2y+HX(HY—4)
a)0 b)—15 ¢)0 d) —15
a)9 b)0 ¢) —36 d)8 g
a)12 b) —10 ¢) 19 d)g
a) By the remainder theorem, when P(x) is

divided by x + 2, the remainder is P(—2).

Solve P(~2) = 26.
(—2) + k(=2)> — 4(—2) + 2 = 26
—8 + 4k +8+2=26

4k = 24
k=6
b) P(—1) = (—1)3 + 6(—1)2 — 4(—1) + 2
=—1+6+4+2
=11
P(1) = (1) + 6(12 — 4(1) + 2
=1+6—4+2

=35
a) 37 b) Answers may vary.
a)3 b) —11, 165 ¢) 1 and 22

2)0 b) —3 ¢ 1and 2y2

Use the division statement
p(x) = (x + 3)0(x) + Rto find p(x).
px)=(x+3)x*—3x+5)+6
=x3—3x2+5x+3x2—-9x+ 15+ 6
=x3—4x +21
X3+ 2x2— 15x + 10
a) O(r) = 0.45¢t
R =373t
Nt
%:Q(t)+%,t¢2
b) yes, as time increases, number of tickets
sold also increases
a) 0 b) (x — 3)is a factor of the polynomial
¢)(x +2)2x + 5)(x — 3)

17. k=7 18.a=1,b= -2
19.a) c = 5 b) Answers may vary.
20. k= -5

40

21,457 22.m=3,n=3

81

23. Let P(x) = —x3 —vx>+ 2x +w

By the remainder theorem, when P(x) is
divided by x + 2, the remainder is P(—2).
Solve P(—2) = 6.
—(=2 = (=2 +2(-2)+w=6
8—4dv—-—4+w=6
—dv+w=2
By the remainder theorem, when P(x) is
divided by x — 3, the remainder is P(3).
Solve P(3) = 119.
—-3P = v3)?+23)+w=119
—27—9%+6+w=119
=9y +w=140
Solve the system of equations for v and w:

—4y+w=2 // equation 1
—9v +w =140 / equation 2
equation 1 — equation 2:
Sv=—138
_ 138
.S 138, .
Substitute v = 5 inequation 1 and solve
for w:
138 _
_4( —T) +w= 2
5—22 +w=2
W= _242
5

24.a)no b)no ¢)no 25.a= —5,b=10

2.2 The Factor Theorem
1. a)(x+4) b)(x—2) ¢)(5x — 2)
d)(3x +4)
2. a)yes b)yes ¢)no
S0 9] 1] 20] o
+ =71 -91
x |1 13 0
b) 1 |-9] 27]-28
+ 3| —-18] 27
x | 1 ]—6 91 —1
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4. a) 1, %2 (x — D2 — 2x + 2) 8. a)(x — )22+ x+2) b)(x + 4)(x + 1)

by +1;(x+ D(x2+x+1) (2x — 1) ¢) cannot be factored

¢) *1,+3, +5 +15; (x + 3) (x> + 4x + 5) d) (x + 3)(x — 3)(2x + 1)? e) cannot be
5, +Dx=2x—-1b — (x +2 factored f) (x — )2x — 1)(Bx + 1)

A o e e P YA e

d) (x +2)(x — D2+ x + 1) 9. k=910.k =3

e) (x — 6)(3x3 + 1) f)(x— Dix+ D2+ 1) 11. Let p(x) = 2x3 — (k + 1)x? + 6kx + 11
1 Use the factor theorem to solve p(1) = 0.

6. a)*1, *5, *3, 12, (x = Dx—=3)2x—1) 2003 — (k+ ) (12 + 6k(1) + 11 =0
. +1 +1+ +3 +3 Z_k_1+6k+11=0
b) =1 %5, = £3. 55 % Sk =—12
(x + D2x + DH(2x — 3) k __%
¢ =1, il, 1’ +3, _._3’ _3’ 12. a) Factor by grouping terms:
24 r—4 px) =3+ 222 — 9x — 18
(x = 1), 2x = 3)2x + 1) — 2+ 2) ~ 9x +2)
1 = 2 _
d) 1, =3 (x — D(x + 1)3x — 1 (x +2)(x* —9)
Yl = Doy e D = (x +2)(x — 3)(x +3)
Tl ST 1 121 [Zs6 So, p(x) = x> + 2x2 — 9x — 18
=(x+2)(x—3)(x+3)
=7 | 56 b) (x — D(2x + 1)(2x — 3)
1] g 0 ¢) Let p(x) = 6x3 + x2 — 31x + 10.
Use the rational zero theorem:
b) Let b represent the factors of the constant
L]=9] 27]-28 term 10, which are 1, =2, +5, =10.
31 —18| 27 Let a represent the factors of the leading
coefficient 6, which are 1, 2, =3, +6.
X 1 -6 9 -1 . b 1 1
The possible values of 7 are =1, *5. %3
9 1 [2] 0 ]-2]-3 B P S B T SO ()
6 3 p2’ ¥ 6 3
+ 2 21 0 Test the values of  for x to find the zeros.

Substitute x = 2 to test
p(2) =627 + (2> —31(2) + 10

d) =484+4-62+10=0

—2| 1) 0] -8 0 16 x = 2isazero and x — 2 is a factor.

+ -2 41 8 |—16 Use synthetic division method to

< [ 1]=2] -4 8 0 determine the other factors.
O3 206 | 1 |=31] 10

2| 2|77 -10] %6 + 12| 26]-10

+ 3] 6|24 | 6 | 13] 5] o

x| 2]-4|"16 2 6x% + 13x — 5 can be factored further to
f) 6x>+ 13x —5=02x+ 53x — 1)

910 | 2 -1 So, p(x) = 6x3 + x2 — 31x + 10

=(x—-2)(2x+53Bx—-1)
d)(2x +3)2x2 —3x+7) e)(x +3)
913 1] 3 0 Bx — D(x —2) ) (x+ DAx + 3)(x — 4)
g) x(x + 2)(x* + x — 3)

X |+ |wI=
w
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13.2) (2x — D)(@x2 + 2x + 1) b) 64(Q2x — y)

2 2 D RTINS N |
(4x +2xy+y)c)(x 3)(x +3x+9)
d) (1 + 5x)(1 — 5x + 25x?)

e) %(x + %)(xz - %x + %) f) 53x + 5y)

(9x% — 15xy + 25)?)

14. O(x) =3x— 6; R= —5x>+ 12x — 13
15. ) 14(1)” — 65(1)*° + 51 =0

b)(1+1=2

16. £(x) = 320* — 128x3 — 542 + 243x — 108

f(1)=32—128 — 54 + 243 — 108
= —15 therefore, x — 1 is not a factor
f(2) = 32(2)* — 128(2)° — 54(2)* + 243(2)
— 108
= —350 x — 2isnot a factor
f(3) = 32(3)* — 128(3)® — 54(3)* + 243(3)
— 108
= —729 x — 3isnot a factor
f(4) = 32(4)* — 128(4)3 — 54(4)> + 243(4)
— 108
=0 x —4isafactor
f(=1)=32+ 128 — 54 — 243 — 108
= =245 x + lisnot a factor
f(—2) = 32(—2)* — 128(—2)% — 54(—2)
+243(—2) — 108
=726 x + 2isnot a factor
f(—3) = 32(—3)* — 128(—3)3 — 54(—3)?
+ 243(—3) — 108
= 4725 x + 3isnot a factor
f(—4) = 32(—4)* — 128(—4)3 — 54(—4)?
+ 243(—4) — 108
= 14440 x + 4isnot a factor
Somewhere between f(—1) and f(—2)
there must be a zero since the value of f(x)

changes from a negative for x = —1toa
positive for x = —2. Using the remainder
theorem for a value between x = —1 and
x = —2, the remainder for x = —% :

f(x) = 32x* — 128x3 — 54x? + 243x — 108

() )
—sa(—3) +243(-3 ) - 108

=0 2x + 3isalso factor

Dividing the polynomial by (x — 4)(2x + 3)
or2x* — 5x — 12:
16x2 — 24x + 9

232 — Sx — 12)32x% — 128x3 — 54x2 — 243x — 108
—(32x* — 80x3 — 192x?)
—48x3 + 138x2 — 243x
—(—48x3 + 120x2 + 288x)
18x2 — 45x — 108

—(18x2 — 45x — 108)
0

32x4 — 128x% — 54x2 — 243x — 108
= (x — 4)(2x + 3)(16x2 — 24x + 9)
= (x — 4)(2x + 3)(dx — 3)?

17.4a" —a"=0
18.(a—al+(a—bP>+ (b —a)=

O+@—0bP—(@—bPF=0

2.3 Polynomial Equations

1.

Y

A x=0x=1L,x=-3b)x=-2,x=-5
c)x=§,x=—3,x=% d)x=%,x=%,

_ —r e 12
x=—-6ex=3x= »X =73

(SAIE

f)x=—8,x=9,x=%g)x=2,x=i
aA)x=—4x=-3,x=0,x=2
byx=-1,x=0,x=1¢)x=-2,x=
A x=9x=-9x=-3b)x=35,
x=-3,x=2 c)x=§,x=2,x=—2,

I

x=2,x=2x=-2f)x=10x=-10
_ 241 1

g x = l,x—3,x— 53X =3

2) 0, i% b)0, =6 ¢)0,9,7 d)0, =11

e) 0,3 f) +2\2 g) £3, =3

Since the zeros are —2 and 1, the factors for

a cubic function are (x + 2) and (x — 1).

Since there is a local minimum at (1, 0),

(x — 1) will be of order 2. An equation for a

cubic function is

y=(x—12(x+2).

y=x+4Hx-24x—1)

A x=5x=-2bx=-2x=2,x=3

Ox=-4x=3x=4d)yx=—-1,x=2,

x=3ex=—4x=-3,x=-1

Hx=-3,x=—-1,x=4 g x=-3,

x=—-1,x=2,x=3 8.same9.a) x = —2,

3b)x=-3-1,23¢)x=-3,-2,2

d)x=-3-2-112
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10.

11.

12.

13.
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A x=34,x=006b)x=2x=04,
x=-24¢c)x=2,x=52,x=-02
dx=-2¢ex=-2Hx=-03,x=29
a) 3.9 bacteria/h, —38.1 bacteria/h b) growth
rate never reaches 20 bacteria per hour
during the first 100 hours of the experiment
¢) 14.5h d) 26.8 h; decline in bacteria
population €) 8.2 h

The box does not reach a volume of

9600 cm 3.

a)

b) 1905 represents year 0. Substitute 0 for x
in f(x):
£(0) = —0.125(0)° + 4.125(0)* + 3500
= 3500
The population of wolves was 3500.
¢) 1920 represents year 15. Substitute 15 for
xin f(x):
f(15) = —0.125(15)° + 4.125(15)* + 3500
= —94921.875 + 208828.125 + 3500
= 117406.25
= 117407
The population of wolves was 117 407.
d) Solve fix) =0
—0.125x° + 4.125x* + 3500 = 0
Use a graphing calculator to solve the
equation. Use the solve() function to
solve —0.125x° + 4.125x* + 3500 = 0

Or, use the graph from part a) to
determine the zero of the function
y = —0.125x° + 4.125x* + 3500

The wolf population became zero at
approximately x = 33, in 1938.

4d.y=ax* +bx*+cx+d

Point (0, —1) is on the graph. Substitute 0 for
x and —1 for y.

a(0)> + 60> + c(0) +d= —1;d= —1
Point (1, 0) is on the graph. Substitute 1 for
x and 0O for y.

0=ua(l)®+b(1)>+ (1) +d
O=a+b+c+d

Substitute —1 for d.

a+b+c—1=0

at+b+c=1 // Equation 1
Point (—1, —4) is on the graph.

Substitute —1 for x and —4 for y.

a(—12 +b(—1> +c(—1)+d=—4
—a+b—c+d=—-4

Substitute —1 for d.
—a+b—c—1=—-4

—a+b—c=-3 // Equation 2
Point (2, 5) is on the graph. Substitute 2 for
x and 5 for y.

a2 + b2y +c2)+d=5
8a+4b+2c+d=5

Substitute —1 for d.
8a+4b+2c—1=5

8a+4b+2¢c =6 // Equation 3
Solve the system of equations:
a+b+c=1 // Equation 1
—a+b—c=-3 // Equation 2
8a+4b+2c=06 // Equation 3
Equation 1 + Equation 2:
2b=-2;b=—1

Substitute —1 for b in Equation 1:
a—1l+c=la+c=2

Substitute —1 for b in Equation 3:
8a+4(—=1)+2c=06
8a+2c=10;4a+c=5

Solve the system of equations:

a+c=2 // Equation 4
4a+c=5 // Equation 5
Equation 5 — Equation 4:
3a=3;a=1



Substitute 1 for @ in Equation 4:
l+c=2¢c=1
Substitutea =1,b= —1,c=1,d=—1in
y = ax® + bx* + cx + dto get the equation
of the cubic function whose graph passes
through the points (1, 0), (0, —1), (=1, —4),
2,5:y=x—-x>+x—-1

15.(x +4)(x + 3)(x + D(x — D(x — 3)

1a@x=ax=L£§E;mx=ax=%

O)x=0,x=*x4d)x==*i,x==3i

x=1V2+V3, x=2\2—3

2.4 Families of Polynomial Functions
1. a)y=k(x—5)(x—8),keR
b) Answers may vary. Sample answer:
y=x=5x—8; y=2x—5x—298
)y =—3(x—5)(x—38)
2. a)—2,3,8
b) Answers may vary. Sample answer:
y=(x+2)(x—3)(x—8)
y=2x+2)(x—3)(x—28)
)y =4(x+ 2)(x—3)(x—28)
3. ayb)f)y=k(x +4)(x — 3)
cd)e)y =kQ2x — 1)(x —5)
4. a), e), and h) belong to one family; b), d),
and g) belong to another family; ¢) and f)
belong to a third family

6.

a)y=kx—3)x+2)b)y=kx(x—1)

x=5 y=k(x+3)x—1)(x—06)

d) y = kx(x + V3)(x — V3)(3x — 2)

a)y =k(x + 5)(x+ D(x—2)

b) Answers may vary. Sample answer:
y=(x+ 5+ Dlx —2);
y=2x+5x+ Dx-—2)

)y =(x+5Kx+ )x—2)

a)y =k(x +4)(x+ 3)(x—1)(x—06)

b) Answers may vary. Sample answer:
y=(x+dHhx+3)x - Dix — 6);

y=3 A+ e - Dx - 6)
9y =10+ a0+ - Hix - 6)
d)

a) Since the zeros are %, 0, % and 2, the

factors for the family of quartic functions
are 2x + 3), x, 2x — 1), and (x — 2). An
equation for this family is y = kx(2x + 3)
(2x — I)(x — 2), where k € R.

b) Use any two values for k to write two
members of the family.
Fork =2,y =2x(2x + 3)2x — 1)(x — 2)
Fork=—-1,y=—x(2x +3)2x — 1)
(x —2)

¢) Since the graph passes through (—1, 4.5),
substitute x = —1 and y = 4.5 into
y=kx(2x +3)2x — 1)(x — 2)
4.5 = k(=D[2(=1) + 3][2(—=1) — 1]

[(—=1) — 2]

4.5 = k(—1)(1)(—3)(—3)
45 =9k k=5
The equation is

y=Fa@x+3)2x - Dx - 2)
d)
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9. a) From the graph, the x-intercepts are

—4, —2,2,and 3.

The corresponding factors are (x + 4),

(x +2),(x —2),and (x — 3).

An equation for the family of polynomial
functions with these zeros is
y=k(x+4)(x+2)(x—2)(x—3)

Select a point that the graph passes
through, such as A(1, 90).

Substitute x = 1 and y = 90 into the

=7 =K(=2)—1—3][(=2)—1 + 5]
(=2) +3)3(=2) — 1),

—7 = k(=3 = V5)(—=3 + B3)(1)(=7)

=7=k&)1)(=7)

—7= -2k k=7

The equation is

y=g3—1-8)x—1+1)
(x+3)(3x—1)

equation to solve for k. 13. Since the zeros are 1 + V5 , —3, and %, the
90 = k(1 + 4)(1 + 2)(1 — 2)(1 — 3) factors for the family of functions are
90 = k(5)(3)(—1)(—2) (x = 1=+5),(x =1 +5),(x + 3),and
90 = 30k k=3 (3x — 1). To determine the equation for a
The equation is family of functions with the same zeros,
y=73x+4)(x +2)(x — 2)(x — 3). but with a higher degree, one or more of
b) From the graph, the x-intercepts are -3 0 the zeros must be of order 2 or higher. An
(order 3), and 2. equation for this family is
The corresponding factors are (2x + 5), y=k(x—1-35)(x—1++5)
¥, (x = 2). (x + 3)%(3x — 1), where k € R.
An equation for the family of polynomial ~ 14.a)y = k(x + 1.5%x —7) b) 3
functions with these zeros is ©)y=—0.5(x+ 1.5(x —7)
Y =kx32x + S)(x — 2) d)y=0.5x - L5 (x +7)
Select a point that the graph passes e)y=0.5(x+ 1.5(x — 7)
through, such as A(—2, —32). 15. a) (x — 2) is a factor b) Answers may vary.
Substitute x = —2 and y = —32 into the For example: As k increases, the height of
equation to solve for k. the relative minimum to the rlght of x=0
=32 = k(—2)32(=2) + 5][(—2) — 2] decreases and moves to the right and the
—32 = k(—8)(1)(—4) relative maximum between x = 0 and x — 2
—32 =32k k=—1 decreases and moves to the right. However,
The equation is y = —x3(2x + 5)(x — 2) the y-intercept and the minimum at x = 2
10. 2) y = k(x* — 8x3 — 2x% + 120x — 175) remains constant. ¢) k < —4ork >4
b) y = 0.3(x* — 8x3 — 2x2 + 120x — 175) d) Answers may vary. For example: k = —2
1.y =(x + 422x + DH(x — 7) 16. 2) y = k(x — 25)(x — 50)(x — 200)*(x — 350)
y=x+42x+ H(x—17) b) y = k(0.5x — 25)(0.5x — 50)(0.5x — 200)?
similarities: same domain, share three (0.5x — 350)

roots; differences: different range, degree,

y-intercepts
12. a) Since the zeros are 1 = V5, —3, and %, the L 3;32 1 2)3)( S>2€OC) 25<x<6
=x=3,x

factors for the family of quartic functions 5 a)x<—2,-2<x<0,x>0b)x<—3
are (x — 1 = V3), (x = 1 +15), (x + 3), dcx<ll<x<2x>2¢x<l,
and (3x — 1). An equation for this family | x<55<y<66<x<10.x>10
isy=k(x—1-5)x—1+15) dx<—14 —14<x<-12,-12<x<

2.5 Solve Inequalities Using Technology

(x + 3)(3x — 1), where k € R —0.5,—05<x<2l,x>21

b) Since the graph passes through the point 3. 2) i)0,3 i) 0 < x <3 i) x <0, x>3
(=2, —7), substitute x = —2and y = —7 b) i) —2,2 i) x> 2 dii) x < —2, —2 < x <2
into the equation to solve for k. o i) — 5’ 2,6 ) —5<x<2 x’> 6

jii) x < —5,2<x <6 d) i) —1.5,0
i) x < —1.5, —1.5 < x < 0 iiii) x > 0
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4. a) Answers may vary. For example: 9. a) Answers may vary. For example:
y=—(x+45)

b) —(x + 5)(x — 10) > 0; ) )
—(x + 5)(x — 10) <0 b) The family of functions y = —k(x + 4.5)
also satisfies this criterion.

5. a) Answers may vary. For example:
10.a) x> -22¢)x>5¢e) -3=x=4

400 Use a graphing calculator to solve the
three inequalities. Use the solve() function.
00
20)
100 \
-4 -2 0 2 AN ¥
~100
For the required quartic function, the Or graph. the cor r.esponc.iing
function must exist below the x-axis for polynomial functions. Find the zeros,
the intervals x = —5,2 < x = 3, and and then find the values of x that
x = 4, and must exist above the x-axis satisfy the inequalities.
for -5 <x <2and 3 < x <4. From a)

this information, the x-intercepts are
x = —5,2, 3, and 4. Therefore, the
function must be f(x) = —(x + 5)
(x — 2)(x — 3)(x — 4), with the
negative required to have the needed
behaviour in the intervals.

b) f(x)=0,forx=-52=x=3andx=4 x> —-22
f(x)>0,for—5<x<2and3<x<4 5-129 5429

6. )3=x=10 byx<—12, x> —8 b= =x=2Zorx=""
Ox=-22=x=3d)-4=x=3,x=4 c)

x<—1,2<x<3f)—-4=x=-3,
x=-1g-3<x<-1,2<x<3

7. A)-lS=x=lx=2bx<—VLi<

X<V )l-2=x=05x=1+\2
dx=-051=x=15¢e -3<x<I15x
>2f)-3=x=-15x=05
gx<—251__3<x<2 33

8 a)x<—-032,x>6.32b)—-8.67<x<0.17 d)foSOOrx
¢)360=x=-232,x=192
d) no solution e) x < —1.34, =023 < x <
6.57 Hx>—-124 g) -2.10<x<1.59
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e)

-3=x=4

f) —1.0785 < x < 1.2906

11. approximately 2.3 s
12. a) A rectangular prism cannot have

dimensions less than or equal to zero;
therefore, the restrictions on x are:
{x e R,x>3}

b) V(x) = 5 (base) X (height)

V(x) = 52x — D(x = 3)(3x — 4)
Solve V(x) =4

J@x = Dx = 3)Gx - 4) = 4
Cx—Dx—-3)3x—-4)=12

6x3 —29x2+37x —12=12

6x3 —29x% +37x — 24 =0

Use a graphing calculator to solve

the above inequality. Use the solve()
function.

x=33

Graph the corresponding polynomial
function. Find the zeros, and then find
the values of x that satisfy the inequality.

x=33
13.2) V(x) = 3 b) I = x = 448 and
I=Vm =60
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14. a) (x + 2.5)(x — 3.5)(x — 5) > 0;
—(x +25)(x —=35)(x—-5<0
b) (x + 2V2)(x + 2)(x —V2) < 0;
—(x 4+ 2V2)(x + V2)(x —\2) >0
15.a) x < -3, x>2 b)x< -5
¢) 4<x<-I,

3 2
—4<x<3,2<x<3

16. Answers may vary. For example:
a)(x+3)(x—2)>0;(x+3P>x—2)>0
b)(x + 573 <0;(x+5°<0
¢)(x +4)(x + DHdx + 3)Bx — 2)(x —2)

(x—3)<0;(x +4)(x+ 1)(dx + 3)
Bx—2)(x—2)(x—3)*<0

17. Answers may vary. For example:

y = x*> + 1 has two complex roots, x = *i
x € Risa solution to x*> + 1 > 0.
There is no solution to x> + 1 < 0.

18.2) x <0.22, x> 228 b) x < —1.34,
—032<x<1.16 ¢) x<0.92
d)x=-2606,—-121=x=1.87
e)0.77 <x<1.31

19.2) x>27 b)x<0.5 ¢) -34=x=0.5,
x=29d)13=x=28

20. Answers will vary. For example:
8x* — 68x> + 34x? + 425x — 525> 0

21. Use a similar graphing calculator to solve
the inequality. Use the solve() function.

x<—=399o0rx>-1.56

Graph the corresponding polynomial
function. Find the zeros, and then find the
values of x that satisfy the inequality.

x < =399 or x> —1.56
22. x = —0.60,0.54 = x = 3.
23. Translate the model approximately 15 units up.



2.6 Solve Factorable Inequalities

1.

Algebraically
A)x=13b)x=6c)x<-3dx=—11
@x<—lﬂxsé

a) 4=x=2b)-3=x=2

c)x<—g,x>3 d)%<x<§

a)—4<x<—24tx>1 b)xs6—4,—2s
y=lgx=-31=x=3dx=g
aA)x=-4x=6b)5—M6=x=5+46
9-3<x<laB o o

AT gaxc 234

Hx=—-4-1=x=1
a)4=x=1bx=-50=x=4
ox<-1,x>2d)yx=3 e)x< —4,
—5 < x <1 f)no solution

a) x = 2; As the line of the inequality
moves down fromy = 0toy = —2to

finally y = —10 the portions of the function

y = x3 — 3x — 2 that satisfy the inequality
also shifts. For the inequality in a) the line
y = 0 intersects the curve y = x> — 3x — 2
twice, the inequality in b) has the line

y = —2 intersecting the curve
y = x> — 3x — 2 three times and in c)
the line y = —10 intersects the curve

y = x3 — 3x — 2 only once.
b)—V3=x=0,x=V3 ¢)x=—249
A(x) = length X width

Let width = x and length = x + 6

A(x) = (x + 6)x = x* + 6x

Solve A(x) = 630

X2+ 6x =630

X2+ 6x—630=0

Use quadratic formula to find the zeros of
the polynomial p(x) = x*> + 6x— 630

_ —b +=\b2—4ac
X= 2a

=6 = 6> 4(1)(—630)
o 2(1)

_ —6 = V2556
X= 2

-6+ 6V71
A
x=-3+371

The solution to the inequality is:
x=-3-37lorx=-3+3V1
Or approximately: x = —28.3 or x = 22.3
Since width or length of a rectangle
cannot be negative, the possible widths
of a rectangle are x = -3 + 371 cm or
approximately x = 22.3 cm.
8. a) Factor the polynomial function.
Let p(x) = x> — x> — 34x — 56
Find a value x = b such that p(b) = 0
By the integral zero theorem, test
factor of —56, thatis =1, =2, =4, *7,
+8, =14, =28, =56
Substitute x = —2 to test
p(=2) = (=2)’ = (=2)* = 34(=2) — 56
=—-8—-4+68—-56=0
x = —2isazeroand x + 2 is a factor.
Use synthetic division method to
determine the other factors.
-2 1 -1 | -34 | -56
+ -2 6 | 56
X 1 -3 |-28 0
x? — 3x — 28 can be further factored to
x+4)x—-17
So p(x) = x3 — x? — 34x — 56
=(x+2x+dHx—7)
Useintervals x = —4, -4 = x = -2,
—2=x=T7andx=7
Test arbitrary values of x for each
interval.
The solution to the inequality
x+2)(x+4H)x—7)=0is:
—4=x=-2o0orx=7

byx< -2, —F<x<1

¢) Factor the polynomial function.
Let p(x) = 3x> + 4x2 — 5x — 2
Use the rational zero theorem to
determine the values that should be tested.
Let b represent the factors of the
constant term —2, which are =1, £2.
Let a represent the factors of the
leading coefficient 3, which are 1, *£3.

The possible values of 7 are *1, i%,
2

+) =2

3
Test thie values of ©— a for x to find
the zeros.
Substitute x = 1 to test
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p(1) =3(1)> + 4(1)> = 5(1) — 2
=3+4-5-2=0

x = lisazeroand x — 1 is a factor.

Use synthetic division method to

determine the other factors.

1 3 4 -5 -2

+ 3 7 2

X 3 7 2 0

3x% + 7x + 2 can be factored further
to(x +2)3x + 1)

Sop(x)=3x3+4x> —5x — 2=
(x — D(x + 2)(3x + 1)
1

Useintervals x < =2, -2 < x < —3,

—%<x<1,andx>1.

Test arbitrary values of x for each
interval.
The solution to the inequality (x — 1)
(x+2)(@Bx+1)>0is:
2<x< —%orx>1

ddx=-1,x=1

e)x*—13x2+36=0

Letw = x2

Substitute w for x%

w2—13w+36=0

w=4dHw-9=0

Substitute x? for w:

(>-H(x*-9=0

x=-2)x +2)(x-3)(x+3)=0

Useintervals x = -3,-3 = x = -2,

2=x=22=x=3,3=x

Test arbitrary values of x for each interval

The solution to the inequality (x —2)

x+2)(x=-3)(x+3)=0is:

Bd=x=-2o0r2=x=3

Hx=1

9. 0.75=x=325
10. Let length / = 12 + x, widthw = 6 + x,

and height 7 =2 + x.

Surface area of a rectangular reflecting

pool is:

SA(x) = 2lh + 2wh + Iw

=2(12 + x)2 + x) + 2(6 + x)(2 + x)
+ (12 + x)(6 + x)

=48 + 28x + 2x2 + 24 + 16x + 2x?
+ 72 + 18x + x?

=5x+ 62x + 144
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Solve SA(x) = 440

5x% 4+ 62x + 144 = 440

5x2+ 62x + 144-440 <0

5x% 4+ 62x—296 <0

Find zeros using quadratic formula

‘= —b = \b>—4ac
2a
—62 + 622 — 4(5)(~296)
YT 2(5)
.= 262+\9764

x = 3.68 olrox =-16.08
Dimensions of a reflecting pool cannot be
less than or equal to zero; therefore,
x = 3.68 m.
The maximum dimensions of the larger
reflecting pool are approximately:
[=1568m,w =9.68m, and 7 = 5.68 m
11.a) 0.3 =x=4.5,x= 7.2 b) domain:
{x e R,0O=x=14};range: {S € R,
0= 85=2896} c¢) The lemonade sales model
predicts over 600 000 sales toward the end
of summer, which is not very reasonable.
The model works only for the first two
weeks of summer.
12. a) V(x) = (36 — x)(48 — x)(60 — x)

b)

¢) (36 — x)(48 — x)(60 — x) = 62208
d)x=717cm

13.x< -2, 2<x<-1,1<x<2,x>2;
x=—-1,x=1

14. The inequality has a real solution for all
s e Randallz € R.

15. x < —6.43

16. 3=x=-1-V2,-1+2=x=1

Chapter 2 Challenge Questions

C1. a) yes, only if » = 0, otherwise no
b) yes c¢) yes, only if b = 0, otherwise no
d) yes, only if » = 0, otherwise no

C2. x = 4i C3.10V2 X 5\2

C4. 2) p(ry) = 0, p(ry) = 0, p(r3) = 0



b) p(x) = a(x — r))(x = r)(x = r3)
=ax’ —a(ry + ry + r))x* +
a(ry ry + rory + 1ir3)x — a(ryryrs)

=ax’ +bx* +ex+d
C)V172+r2r3+}’173 c

C5.a)x>—8x—24 = Ob)x —12x2+36x=0

C7. a) two real positive zeros: x = 2, x = —1.5,

x=0.25

b) two real positive zeros: x = =3, x = 0.5,

x=1
C8. x < -3, %<x<5 X F 5
C9. no solution

1
25

C10. a)x=—2o0rx=3 b)—l<x<2

CIl. a)x < 4mx>5 )

Chapter 3

3.1 Reciprocal of a Linear Function
1. ayx=2,y=0b)x=-7,y=0¢)x =35,
y=0d)x=9,y=0 e)x=%,y=0

f)x= —%,y=0

2 -1 b)3 9T DI 9L N5

3. @)y =- = 9y=57
)y =—3

4. a)

{xe Rx#3},{ye R y+0},

x=3,y=0
b)

{xe R x#4},{ye R y+ 0},

x=4,y=0

x# =3

b)—§<x<1

{xe R x+# —-2},{ye R y+0},

x=-2,y=0
d)

{xe R x#—1},{ye R y+0},

x=-1,y=0
e)

{xeRx# } {re R y+0},
x=2,y 0
f)

{xeR x#1},{ye R y+0},
x=1Ly=0
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5. Answers may vary. Sample answer:

7. a) decreasing:

Comparison of Two | Comparison of Two
Pairs of Points to Pairs of Points to
the Left of Vertical the Right of Vertical

Vertical Asymptote | Asymptote Asymptote

Y= % Points: Points:

33) (=03 _3 _3

(-33)(-23) | (a3} -3)
Rate of change: Rate of change:
6 6
35 35
Points (closer to Points (closer to
asymptote): asymptote):
(=1,1),(0,3) 1,-3),@2.-D
Rate of change: Rate of change:
2 2

Conclusion increasing decreasing

(Is rate of change

increasing or
decreasing?)

. a)

y-intercept: y = —4; {x ER X+ %}

WeR y#0},x=

b)

1
2y =0

2
9. a)yzm b)y:
10. a) 1.47 h, 125h 1.05h

y-intercept: y = —é, {x ER x# —%},
WeERy#0x=—2y=0

c)
y-intercept: y = % {xe R, x+# —%},
WeRy#0lx=-2,y=0
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d)

- Y 1
y-intercept: y = —3; {x ER x# 4},
VeRy#0Lx=0y=0

) 1ncreas1ng (%

v

o0, ) 1ncreasmg

(= g

b) increasing: ( o, — ) decreasing: ( % )

¢) decreasing: ( ( %
)

d) decreasing: (—00, %) increasing: %

. a)asx—> ,f(x) > —

f(x) — +o

asx —> +00, f(x) > 0 from above
as x > —, f(x) — 0 from below

asx—>

b)asx —» — 4 ,2(x) > +o
4+
asx -~z ,2(x) > —
as x — +oo, g(x) — 0 from below
as x —» —, g(x) - 0 from above

c)asx —> —% , h(x) > —x
asx —> — h(x)—> +oo

asx — +oo h(x) — 0 from above
as x - —o, h(x) — 0 from below

dasx T k() > —o

asx > L k(x) >+
as x — +oo, k(x) — 0 from above
as x = —, k(x) — 0 from below

6
3x—1

b) 1(v) = 7, d is distance in km, ¢ is time in h,
vis speed in km/h.



d) As speed increases, time decreases.
As speed decreases, time increases.
11. a) Answers may vary. Sample answers:

i) y

-4 —2\0f 2 4%

iii) y
4 \\

b) Answers may vary. Sample answers:

) y=o i)y =t
(2x — 1) (2x + 1)?
R |
iii) y = %
12.) P() = 200
b)
c)@kPa

d) As the volume increases, the rate of
change of the pressure decreases.

13. a) 0 < b < 1, vertical compression by factor
of b; b > 1, vertical stretch by factor of b

b) i)

14. {x e R, x # k180°, k € 7},
{yeR,y=<—1,y=1}, vertical
asymptotes: x = k180°, k€ Z

15.a) {x e R, x# —1},{y e R,y # 2},
x=-1y=2

b){xe R,x# —1},{ye R y+2},
x=-1,y=2

c){xeR,xi—%},{yeR,y#O},
xz—g,yZO

16. a)
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b)

17. 1 18. The reciprocal of a linear function
y = kx — c1is arational function of the

form y =

kx —c¢’

19. Similarities: domain {x € R, x # 1}; range
{y € R, y # 0}; vertical asymptote: x = I;
horizontal asymptote: y = 0; no x-intercepts

Differences:
1 1
=125 | =15
Intervals x<l | x>1|x<I1 | x>1
Sign of + — — +
Function
Sign of Slope + + - -
Change in — — +
Slope
y-intercept 1 -1

20. Similarities: range {y € R, y # 0}; share
one vertical asymptote: x = —2; horizontal
asymptote: y = 0; no x-intercepts

Differences:
= | e
x+2 (x—2)(x+2)
Domain {x€eR, {xe R, x # =2,
x # =2} x # 2}
Vertical x=-2 x=-2,x=2
Asymptotes
y-intercept % —%
Maxi N _1
aximum one (0’ 4)
2l.y = .
(x+2)(x—4)
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3.2 Reciprocal of a Quadratic Function

1. a)x=3,x=—-4,{xe R x#3, x+ —4}
b)x=-3,{xe R, x# —3}
Ox=—-2,x=—-6,{x€ R x+ —2,

X # —06}
d)x=-3,x=3,{xeR x+* -3, x+#3}
2. a) x— fx) >
1~ —o0
1t +00
-3- +oo
_3+ %
_ o 0 from above
+oo 0 from above
b) x> fx) >
iy +or
2
1t e
2
2= —o0
2% +00
— o 0 from above
+oo 0 from above

3. a)i) 1 ii)none iii)y = 0 iv) x = 1 b)i) —%
ii) none iii)y =0 iv)x = =3, x =2

x=13

¢)i) —1.67 ii) none iii)y = 0 iv) x = %

1 1
4. a = = b = v+ A+ — )
e i A F e )
_ 5
0y 2x — D(x —3)
5. @) [ ntervals x<l|x>1
Sign of Function + +
Sign of Slope + -
Change in Slope + +
b)
Intervals |y < —3| -3 <y X—_% _%< x>
< —% x <2
Sign of + - - B i
Function
Sign of + + 0 h -
Slope
Change + - B "
in Slope




©)

Intervals 171 _11
Vi x<3 3 < |x=3g I < |x>3
7
X<y x<3
Sign of - + + + -
Function
Sign of Slope - — 0 +
Change in - + + _
Slope

6. a)i)x=7,x=-3,y=0 1
ii) no x-intercepts, y-intercept: 31

iii)

Intervals

x<-3

-3 <x
<2

x=2

2<x |[x>7

<7

Sign of
Function

- +

Sign of
Slope

Change
in Slope

iv)

VWi{xe R x#+ 7, x+ —3},
{reRy+0;j

b) i) x = 2, y = 0 ii) no x-intercepts,

y-intercept: —%

iii)

Intervals x<2 | x>2

Sign of Function _ _

Sign of Slope _ +

Change in Slope _ _
iv)

VixeRx#2},{ye R y+0}

¢oi)x=-5x=5,y=0ii)no

x-intercepts, y-intercept: 55

i)

Intervals | vy < 5| —5< |x=0| 0< [5>2
x<0 x<5

Sign of + — — - +

Function

Sign of + + 0 — _

Slope

Change in + — - +

Slope

iv)

Vixe Rx#5x+—-5,{ye R y+0}

S B
VT -0

8. a)i) Since the function approaches the
x-axis as x approaches both positive

and negative infinity, there is a
horizontal asymptote at y = 0.

ii) Since there is a horizontal asymptote
at y = 0 that the function never
crosses, there are no x intercepts.
From the graph, the y- intercepts of
(0, 0.1) can be seen.

iii) There is no restriction on x, so the
domain is x € R. The y values must
be larger than zero, and can take
on any values larger than zero, up
to and including the y intercept

of 0.1. Therefore, the range is

0<y=0l,yeR

iv) Intervals x<0 | x=0| x>0
Sign of + +
Function
Sign of + 0
Slope

The function increases from negative
infinity to the y-intercept and then
decreases to positive infinity. Therefore,
the interval of increase is x < 0 and the
interval of decrease is x > 0.
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b) There is no vertical asymptote because 3.3 Rational Functions of the Form

there is no value that x can take on that fx) = & + b
makes the function undefined. V= +d
¢) Answers rilay vary. Sample answer: 1. ayx=7 b)x= % Ox=—-4dyx=-11
YT 02+ D) 2 @) {xeRx#T) b){xeRx#3|
9. a)In the form g(x) =]%)O,f(x) = 1002 + 1). QixeRx+—4) d)fxeRx#—11}
3
y 3. a)y=1b)y=—5c)y=—ld)y=z
200 4. aA){ye R y#1} b{ye R y+# -5}
3
100 )iyeRy+ -1} d){yER:y7&Z}
5. a)
-4 -2 0 2 4 X
b) Answers may vary. Sample answer:
From this graph, the domain for both
f(x) and g(x) will be the same (that
is, x € R). They both do not have a
vertical asymptote or x-intercepts.
When /(x) is increasing, g (x)is Intervals x<0| 0<x<7 |x<7
decreasing and when f'(x) is decreasing, - -
Sign of Function + _ +

g(x) is increasing.

10. a) 1] RAD AUTO REAL 1] Sign of Slope — — _

1 yl Change in Slope — _ +
J”“ m)-wh
H . b)
( W |
1

O E )T Foay
11.a) {r € R}, {P(t) € R, 25 < P(t) = 125}

b) y = 25, no vertical asymptotes

1 1
¢) Intervals x<0 0<x< 3 x < 3
Sign of - + -
Function
Sign of Slope + + +
Change in + + —
Slope
©)
ny = _16 ms = _056
ms = _6 mg = _038
my=—2.77 my=—027
ms = _1.48

The rate of change is negative and
therefore blood pressure is decreasing
at0 <7< 10.
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N =—

Intervals xr< =2 -2<x<s3 x>

Sign of + - +
Function

Sign of + + +
Slope

Change in
Slope

d

Intervals x <

(811 8]

=<x<5 x>5

Sign of + — +
Function

Sign of _ — _
Slope

Change in _ _ +
Slope

. a)i) l ii)% iii)y=1iv)x=2

Vi{xe R x#2},{ye R y+1}
b)i) 2 ii)% iii)y=—-11iv)x= -3

Vixe R x# —-3},{yre Ry+ —1}
c)i)% i)l diii)y=2iv)x=3

Vi{ixe R,x#3},{ye R y+2}

— 1 -2

CAy =Ly D= s
_2x—3
Qy= x—3

. a)

y=1,x=-3{xe R x+ —3},
{yeRy#l;}

b)

y=4,x=—-1,{x e R x# —1},
{y e R y+#4}

¢)

y=—-1,x=—-6,{x € R, x # —6},
yeRy# -1}

d)

yZ%,XZ%,{xeR,xqﬁ%},
breryz3f

9. For the required function, the numerator

must generate x = Swhen y = 01s
substituted. The numerator must be
x — 5. The denominator must be equal to

zero when x = — % , to give the vertical
asymptote at this value, so the denominator
must be 3x + 8. The function must be:

flx)= 3);1 % . When x = 0, the y-intercept
is the required value of _% as well as the
func‘iion having a horizontal asymptote at

y=3

3
10.2) 2x + 1)6x — 3 s
M f(x)=2x+1
~6
.6
=37+ 1
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b) Answers may vary. Sample answer: For
small values of x, the function f'(x)

behaves according to y =—

_6
2x + I°

and as x increases to positive and

negative infinity, the function behaves
according to y = 3.

0

—-10 0

10 X

11.a) f(x) = 11 +

b) g(x) = -3 +

—181
5x + 14

21
Ox + 4

12.a) {x e R,x#0} byx=0,y=7

¢)

d) Answers may vary.
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13.a) x=—-6b){x € R, x # —6}
gy=3diyeRy+3;

e)

f) Intervals

x<—-6|-6<x| x>0
<0

Sign of + - +
Function

Sign of + + +
Slope

Change in + - —
Slope

g)i)m_5 = 18, m;; = 0.04, slope is
positive and decreasing ii) m_; = 18,
m_,5 = 0.22, slope is positive and

increasing
14. a) $147.90 b) C(¢) =

)

1299 + 18¢
t

t € (0,10), C € (0, 1317)
d) vertical asymptote: ¢ = 0; horizontal
asymptote: C = 0 e) The longer the
television lasts, the average annual
costs approaches 0. f) no g) negative
and increasing

15. a) L(x) = 2x + =, where L is length of

500

rope in metres, x is width of enclosed
area in metres.

b)

{x e R,0<x <500}




¢) approximately 15.8 m by 31.6 m

16. vertical stretch by factor of 3. translation

5 units to the right; translation 8 units down

17. a)

b) The maximum concentration is about
13.8 mg/mL, which occurs at 18.2 min.

¢) Increasing the “5” vertically stretches
the graph. Decreasing the “5” vertically
compresses the graph. Changing the
sign of the “5” flips the graph about the
x-axis. Increasing the “0.01” vertically
compresses the graph and shifts the
maximum to the left. Decreasing the
“0.017 vertically stretches the graph
and shifts the maximum to the right.

3.4 Solve Rational Equations and

1.

2.

* 3

Inequalities 5

a)x=20 b)x=€ Ox=5dx=-3,x=6
Dx=-j3Bx=-1x=3 dx=7%
9x=3f)x=3 g)x=O,x=%

2)—0.33 b)—1.27 ¢)—0.04,8.37 d)—1.78,
~0.66,0.76, 1.68

a) (=, -3}, @ +9) by (0, -4.5]

5 v of s b+

@) (—2=, ). (= 3. 1) &) (~ 21, 0.4]
f) (_3’ 1)9 [Sa + oo) g) (_19 3)5 (3a +oo)

h) (—1 =3, -2), (-1 +13,1)

a)[~4, 1),[1.5,5) b) (—=, 1), 2, 3)

©) (=4, —1),[4,5) d) (==, —6),(—4,0),

(12, +%2) €) (—, —60], (2, 2], (14, +2=)
0 (~1,-083),[0.5, 4.83)

S — 'x=—2x=lare
YT x+2)02x—1y X702
vertical asymptotes

(=%, =9), (=1, 1)
Ax=2,x=6 b)x=% c)x=%

d)x=1—53 e)xe R x+1 f)x=—%,x=3

2,53

: a)3x+6x>4
4 5.3
6x+6x>4
9.3

ox 4
36 > 18x

2>x

But x = 0 is a vertical asymptote, where
the sign of the expression may change.
Test x = —1:

2 5.3

3x Tex 4
2 .5 3
3D Te(-1) 4
2_5_3
3764
9.3

64

which is not a valid statement. So the
solutionis 0 < x < 2.

b5+ +>16

5x , 116
X Tx~x

5x+1>16
5x > 15

x>3
But at x = 0, there is a vertical
asymptote where the expression
could change signs.

Test x = —1:
1 _ 16
5+_1>_1
5—1>-—16
4> —16

which is a valid statement. Therefore,
the solution is x < 0 or x > 3.
Ol +—2r=1
x—1 n 5 - T(x —1)
x—1 x-1 (x—1)
x+4="Tx—-17
11 =6x
i,
But at x = 1, there is a vertical
asymptote where the expression
could change signs.

Test x = 36:
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5

B T
1

=

N ==
o= A
DN 5w

_|_
8
7

which is a valid statement. Therefore,

the solution is x <1 or x = 31.

1 1 8
DT Y1715

x+1 " 2x + 1
Cx+Dx+1)  Cx+Dx+1)
82x + I)(x + 1)
152x + 1)(x + 1)

3x + 2 8(2x + I)(x + 1)
Ox+ Dx + 1)~ 152x + D(x + 1)

15(3x + 2) 82x + D(x + 1)
Cx+Dx+1)" x+Dx+1)

45x + 30 8(2x* +3x + 1)
Cx+Dx+1) " Cx+D(x+1)

45x + 30 16x2 4+ 24x + 8

Ox+ Dx+ 1)~ 2x+ Dx+1)

16x2 —21x — 22
2x+ D(x+1)

The expression 16x2 — 21x — 22 is
equal to zero when:

0>

21+4(—21)2 — 4(16)(—22)
x =

2(16)
21 =41849
o 32
21 £43
32
_21-43 _21+43
* 32 X 32
_ 11 _
X = 16 x=2

As well, there are vertical asymptotes

atx=—land x = —l, which sets up
the following intervals to test:

Interval Test Value Sign of Sign of
Factors Function
x<-1 | x=-2 =) +

B
)
“1<x< | x=-07 -
R =16

16
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d) continued

Interval Test Value Sign of Sign of
Factors Function

o
“R<x | v- 06| OB -

()

—><x<2 x=0 ()(+)

&) N
0

Therefore, the solutionis —1 < x <
11 1

—aor —5 < x <2.
i 6 OF 5 <X 2
+ 3x +
0) X 23x 2 ~0
x>—9
(x+2)(x+ 1)20
x—=3)x+3
The zerosareat x = —1 and x = —2 and
the vertical asymptotes are at x = 3 and
x = —3, so the intervals to test are:
Interval Test Value Sign of Sign of
Factors Function
(< — W ()
x<-3 X 4 o0 +
_ =)
—<x<-2 x=-.5 m —
_ _ _ (H)
2<x<-—-1| x=-15 m +
_ o (HH) _
1<x<3 x=0 O
) o (H)(+)
x>3 x=4 m +

Therefore, the solutionis =3 =x = -2

or—1=x=3.

(=2x —10)(3 — x)
D rsa-_2 =

The zeros are at x = —5 and x = 3 and

a vertical asymptote is at x = 2, so the

intervals to test are:

Interval Test Value Sign of Sign of
Factors Function

(HH)
()(+)
_ )
—5<x<2 x=0 ) -
)
()(+)
()
(H)

x<-5 x=-6 +

2<x<3 x=25

x>3 x=4 +

Therefore, the solutionis =5 < x <2
or2<x<3.



10.

11.

12.
13.

14.

15.

X =2+ 5 _ (X =2x+5
X —4x+4 "7 (x—2)
In this inequality, the denominator will
always be positive. Therefore, the sign on
the expression will be determined by the
sign in the numerator. Solve for zeros in the
numerator:

<0

b* — dac
= (=2 — 4(1)(5)
=4-20=-16

which means that there are no real roots.
Therefore, the numerator will either always
be positive or always be negative. Testing
any value for x (say x = 0), we find the
numerator will always be positive. Since
both the numerator and denominator will
always be greater than zero, the expression
can never be less than zero, so there is no
real solution to the inequality.
ISt inequality: (—oo, —3), (—1.83447, 4);
2nd inequality: (—3, —1.83447), (4, +)
approximately 6.1 km/h
approximately 18.63 m
(== )5+
-5 xX¥+tx+2
»—-1 x+1

X2 +x+2

X +
25
x+(x—xl)(x+l): X1
M- Dt 25
GoDax+1) =Dx+1)

(Pt x+2)x— 1)
 (x+Dx-1)
x(x2—1) 25
GO+ =D +D
X+ X+ 2x—x2—x—-2
B x+Dx—1
X3 —x n x2—35
x—Dx+1) (x—Dx+1
X+ X+ 2x—x2—x—2
o x+1)x—-1
X3 —x n x2—=5
x—Dx+1) (x—1Dx+1)
X+ X +H2x—xr—x—2
CESCEN)

=0

XP=x+x2—-5-3-x—"2x+x*+x+2

x+DHx—-1
=0

x2—2x—3

CE

(x+ Dx—3)

CE R
3

=10

x=13

16. The equality has no solution because of the

restriction on x (i. €. x # 3).

17. more than 7 years old
18. a) approximately x = —1.60, x = 0.51,

x = 1.33 b) (=3,-2.11),[0.25, 1.86], (2, +)
-3

19. =3 and—2 20. 10

x-3 x+3

3.5 Making Connections with Rational

Functions Equations

. a)T=30+273=303K

"= PV
8.314T
~ (10130.0)(50)
~ 8.314(303)
= 210.06 moles

by = 8:314nT
~8.314(0.050)(400)

(202.6)
= 0.82L

©) y

800

600

400

200

+200 0 200 400 X

d) From the graph, it can be seen that there
is a vertical asymptote at J'= 0 and a
horizontal asymptote at P = 0

e) Since the pressure and volume are
inversely proportional to each other,
as the volume increases, the pressure
would decrease.
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2 |
hole at (0, —3) hole at (0, §)
b) g)
hole at (—1, %) hole at (1, 1)
6.67 % 10-11
©) 3. a)F= T

r
_6.67 X 10711(5.98 X 102%)(80)
B (6.39 X 106)?
=781.5N

_ 6.67 X 10711 mpm,

b) F = 5
hole at (6,3 '
oleat{6,5 _6.67 X 10711(85)(85)
d) B (12
=482 107N
c)
hole at (5, %)
e)
r+#0,F>0

d) Since the relation is an inverse square
relation, as the distance increases, the
force rapidly decreases.

e) As the mass of the objects decreases,
the force of attraction between the
objects also decreases. This is a direct

hole at (-4, —6) proportionality.
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vertical stretch by factor of %

b)

translation of 1 unit to the right

©)

vertical stretch by factor of %; translation
of 1 unit to the left

5. a)x = —1 b) x-intercept: 1, 3; y-intercept: 3

¢) hole at (—2, —15) d) Oblique asymptote
y = x — 5is found by long division.

e)

6. a) vertical asymptote: x = 0, x = 1,

1. V5
X =7 x-Intercept: ij;

y-intercept: none; horizontal
asymptote: y = 0

b) vertical asymptote: x = 2; x-intercept:

—0.578; y-intercept: —%

¢) vertical asymptote: x = —2, x = 2;
x-intercept: 1; y-intercept: %; oblique
asymptote: y = x

d) vertical asymptote: x = %; x-intercept: %

—%; y-intercept: %; oblique asymptote:
y=2x+7

e) vertical asymptote: x = —3, x = 5,
x = —4; x-intercept: 4; y-intercept: ILS

f) vertical asymptote: x = —3.774;
x-intercept: —2, —1, —0.5, 0; y-intercept:
0; oblique asymptote: y = 2x +7.
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¢) 1.5kg
8. a)vertical asymptote: x = —35; horizontal
asymptote: C = 0.5; as the number of
litres of 0.5-molar solution is increasing,
the concentration of the mixture
approaches the 0.5

b) C(x) = )?(_)3‘355 + 0.5; vertical stretch by

factor of 402.5; translation of 35 units to

the left translation of 0.5 units up;

600 + 3
) C(x) = 50+xx d)40L

9. a) 54 =2x2+ 2000

b)

¢) as side length approaches 0, the surface
area approaches +; d) at least 10.2 cm
10.a)ast — 15,1 — +o5;
b) vertical asymptote: r = 15

11. a) Since the relationship is an inverse

proportionality, ¢ = 176, for time, ¢, in
minutes and rate, r, in L/min.

b) Solving 1 = l7€for k we obtain k = rt.
Using last year’s information of
r = 1000 L/min and ¢ = 45 min, we get

k = (1000)(45) or k = 45000, s0 1 = &

45000 OOO

becomes ¢ = . This year, the pump

has r = 900 L/mln asaratesot = w

45 000

becomes ¢ = 900 which means a total

time of 50 minutes this year will be
needed.
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12. =5
X203 —2x2—5x+ 10
X3 —2x2
0—-5x+ 10
—5x — 10
20

Therefore, there is a parabolic asymptote at
y=x>->5.
13.

vertical asymptote: x = 2; horizontal
-5

asymptote: y=-5y=
14. /7(x) =

51m11ar1t1es same shape differences:

(x=2)

3, the inverse is a function;

j(x)=%+3 f‘l(x)=%—3
Domain ixeR, x e R,
x # 0} x # 3}
Range {y € R7 {y € R’
y# 3} v # 0}
Vertical B _
asymptotes x=0 x=3
Horizontal B B
asymptotes y=3 y=0
x-intercepts 7% none
y-intercepts none —%
15.2)4 b) 64
Chapter 3 Challenge Questions
_ 330240 + 258x>
Cl. a)((x) = 390x
b) x = 368.62 km/h or x = 3.47 km/h
¢) 35.77 krn/h
C2 a)f(x)=— b) fix) = c) f(x) has

two Vertlcal asymptotes because xin |x]|
can be positive or negative.



C3.
C4.

Cs.

Co. y

C8.

Co.
C10.

C11.

C12.

C13.

h=424cm,d =4.24cm

a)I(x)Zﬁ b) {x € R x =0}

¢) approximately 0.26 A
d)

e) ] approaches 0
/d,
a)d; = d—f

2
= 230 070 = 2357 mis

x = 19 500 items to maximize profit.
Manufacturer breaks even at x = 53 items
or x = 18 947 items.

2.5m/s

a) reflected in the x-axis b) ¢, and ¢, are
at maximum and of equal sign, and the
distance r is at minimum

b) approximately 17.1 cm

~343.7(50)
= 3787

=45 Hz

3
(45 — n)?

45 —n

b) domain of C(n): n> 0, n # 45, range
of C(n): C(n) > 0; domain of R(n):
n>0,n # 45, range of R(n):

R(n) >0 ¢)slope = 0.0075 d) R(25)
= 0.0075

a) y = n b) vertical asymptotes n = +2,

x-intercept (0, 0), y-intercept (0, 0)

¢) local minimum (3.46, 5.19) d) local

maximum (—3.46, -5.19)

C14. The slope of the secant is y = —2.5x. The

points on g(x) that has a tangent with a
slope of —2.51s (0, 0) and (-4, —10).

Chapter 4
4.1 Radian Measure

1.
2.

AN

Lo ®

10.

217090 0o i
a) 180° b) 45° ¢) 150° d) 270° €) 315° f)
90° g) 213.75° h) 40°

a) 58.4° b) 100.3° ¢) 217.2° d) 343.8°

s 160 277 197
N1 D5 9754
13.4cm
a=14.6 cm
_T
4
a
0=7
m_ 14.6
4 7
4)(14.6
r=( (ﬂ- ) r=18.6cm
163.4 cm?
o T o T o T o I
a) 90°, 5 b) 15°, 0 ¢) 100°, 9 d) 25°, 36

2) 2T 1) 6047 o) 2F )27
The radius of Earth r is 6336 km. The
latitude of Philadelphia is 39° and the
latitude of Ottawa is 45°.
O=45°—39°=¢6°
Convert 6 into radians

T\ T
6= 6(155) = 30
The distance between the two cities is the
lengtclll of the arc a that subtends 6

=7
a=6r a= (1)6336 a=663.5km

30

251

11. =~ 12.0.3375rad

13.

14.

36
The length of the arc doubles and the area

of the sector quadruples.
a)r=22m
0= 180° — 45° = 135°
The area of a sectoris A = 5~ 12,
. 360
where 6is in degrees.

__0 >
A= 3607
135
A= WW(Z.Z)z
A=1815mm? A=57Tm2

The total area of the sector is 5.7 m?.
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b) The radius r will increase by 0.5 m.
r=22+05=27m

6=135°
-
A= 3607”

135
A= mﬂ'(z.7)2 A=8.6m2

The area of the yard in which the dog can
move will increase from 5.7 m? to 8.6 m?,

which is about 50% more space.
15. a) 14062.5 rad b) 57 rad/s

16.2) 3T radls b) 17927 m

17. a) 4188.8 s or 69.8 min b) 11 km/s

NN 16
18.a)777 b)% c){ d)% e)%r 1)1—5”

19. 3.37 m/s?

>
20. a) %T rad/s b) 80T7r m/s? ¢) 4rm

21. a) An airplane propeller rotates 20 times/s;
therefore, the angular velocity is
20 rotations/s. Angular velocity = 20
rotations/s X 60 s = 1200 rotations/min.
The propeller rotates through an angle
of 20 X 27, or 407rrad in 1 second. The
angular velocity of an airplane propeller
is 407r rad/s or 1200 rotations/min.
b) The propeller has diameter of 2 m.
Therefore, the radius ris 1 m.
N
v = (Im)(407r rad/s)
v=407rm/s v=125.7m/s
The linear velocity of the propeller is
407r m/s.
22. a) 16 rotations/day; 327 rad/day
b) 1 322 7527 km/day

23.a)4.05rad/h
b) Angular velocity of 3.8 rad/h
_ (_9
v=rl3
2700 = (x + 6336) (3.8)
210 _ x + 6336
_ 2700
X =33 6336
x = 769.3 km

4.2 Trigonometric Ratios and Special Angles

1. a)i)0.7071 ii) 5.6713 iii) 0.3256 iv) 0.5299
b) i) 0.7074 ii) 5.6626 iii) 0.3255 iv) 0.5300
¢) The answers are almost the same because

the angles in parts a) and b) are the same.
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SANCANE S

a) —0.7071 b) 0.9239 ¢) 0.5774 d) —0.5
2) 1.0125 b) 0.2867 ¢) —2.9238 d) 1.0642
a) 1.7878 b) 1.6507 ¢) —1.1676 d) —3.4364
a) —1.1547 b) 1.3764 ¢) 1.3054 d) 1.0353

0 sin cos tan
@3 S ; 7
®°F 5 -5 1
oF | 4 | T &
@ 0 —1 0
o = 5 -1

Use the unit circle from Section 4.2
to determine the exact values of the
trigonometric rations for each angle. The
coordinates at the unit circle determine
the exact values of the cosine and sine
functions for the given angle of rotation.
a) The terminal arm of an angle % is in the
first quadrant; the coordinates of the

point of intersection are P(g %)
T .o 1
Slng =) Slng )

cos X =x,cos T =
6 ’ 6

tanEZX tan7—T=
6 X 6

Sl

SN

T_1
CSC g = 35, CSC

mT_1
sec6 =5, sec

S o] Z5[rol— 19S5y
\‘f-F
=

N

T_X T _
cot6—y,cot6—\/§ 5
b) The terminal arm of an angle Tﬂ- is in the

fourth quadrant; the coordinates of the

point of intersection are P(%, —g)
5T .5t 3
sin 3= = y, sin 3~ = ——5~
o _ am_1
€Os 3~ = X, C0s 3~ =5
3
sm_J w2
tan 3 =%, tan 3 =1
2

tanSTﬂ- = —\3



Sm_ 1 S50 2

sz~ =7, 08¢ 3 _\/_§

sec &5 o _1 secs—ﬂ- =2
37X 3

cot =~ 7 _ X cot5—7T — L
3 » 3 V3

¢) The terminal arm of an angle 3T7T is in the
second quadrant; the coordinates of the

point of intersection are P( L L)

2z )

sin =— 3w _ sin =~ 371- —

4 y: \/—
COS = 3m _ = X, COS = 377 - L

4 4 V2

1

tan37r Ztan3—ﬂ-=£ tan3—7T=—l

4 X 4 1> 4

V2

csc 34? Jl,, csc 34?- 2

sec 317 )10 sec 34? =2

3Im_x 3 _
cot4 i t4— 1

d) The terminal arm of an angle ‘%T is in the
second quadrant; the coordinates of the

point of intersection are P( —g, %)
sin =~ T _ sin =~ o _ 1
6 VM6 T2
COoS ~— S =X, COS =1 —ﬁ
6 6 2
1
tan m_ Y t T2
6 X 6 _ﬁa
S 1 2
t = _
an =g NE]

sec5—7T=l secsw— 2
6 X 6 V3
cots%r ;, cot 567T = -3
7. .
e) The terminal arm of an angle —~—is in
the fourth quadrant; the coordinates of

the point of intersection are P(g, —%)
sin 1 _ sin lr_ 1
6 Mg
117w 1

tan Ur_ _1
6 V3
cscll—7r=l cscll—w— -2
6 » 6
secll—7r—l secmzl
6 X2 6 V3
cotll—ﬂ Ecotll—7r——\/§
6 Y 6

f) The terminal arm of an angle 2 is in the
second quadrant; the coordinates of the

point of intersection are P( %, g)
sin =~ 2m _ i 27T = ﬁ
A T)

COSz—Tr: COSz—Tr:—l
3% 3

2
ﬁ
2w Y 21 2 27
tan =4 3 =5 tanT = j tanT = —3
2
csc 28 2w _ 1 ZW_L
3 ey V3
Sec =5 2m_ 1 sec =5 27 _ = -2
3 X 3
cot -~ 2m _ X cot -~ 2m _ —L
3 »” 3 V3
8. a)sin0=¥= —%
y=—-Lr=5

x=1\24

X
cosf = 7, cosf =

tan @ = %, tan 0 =

24

5

=1

24
csch = P csct9—i1 csch = —5

sec(9=y, secO—\/%

24

-1’

coth = cotH— coth = —\24
b)tanez%—:—%—Z
y=-2,x=—1

y=ACI7 2
r=+5

sinf = %, sinf =

Sl
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[u—

X
cos® = 7, cosf =

5

0509=§, csch = —g

secOZ% secH = ﬂl, sech = —S

cot0— ,cotf = _é,cow:%
c)cscGZyz_Ll: -2

r=2y=-1

In the third quadrant x is negative.

x=—\rr—y

x=—2%> + (-1

x=—\3

sinf = J—r/, sinf = _71

X 3
cost = 7, cos = —=-

2
tan0=%,tan0 \/L,tane—\/i—
secO = x’ secH = —\/—2—

3

coth = y,cotO——\/lg,c to =3
d)se00=£—\/— V3
x=1,r=13
y=\/—x2
y=03y - 12
y=12
sin9=J—/sin9=Q

&) 3
cost9=%,cosé’=\%§
tanOz%,tanOz?,tanHz@

_r _V3
csc@—y,csc@—\/z

1

cotf = y,cotO—\/z

9. a)tan 6,cot 3,tan 767T’ cot 4;'

b) cos =~ Skiy CoS — Ly sin —— ar sin Rl
6 ’ 6 ’ 3 3

€) seC —, €SC 3, CSC 5 s sec —— s
6’ 3’ 3 6

d) sec = E7i3 sec = 7 CSC = B3 cSC—— Im
4> 4> 4> 4

10.44.3m
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11. Let the vertical side of the triangle to the
left be a,, the horizontal side of the triangle
to the left be by, the vertical side of the
triangle to the right be a,, the horizontal
side of the triangle to the right be b,.

sin(0.47) = 104 0 7 M= 10.4 sin(0.47),
a = 99m
cos(0.4m) =
bl =32m
sin(0.157) = 10 70 = 10.4 sin(0.157),
a, = 4.7m
cos(0.15m) =
bz =93m
Horizontal displacement is 6.1 m to the left.
Vertical displacement is 5.2 m up.

12. a) i) g ii)—1 i) —\3
b) i) 0.866 and g = —0.866 ii) —1

i) —1.732 and 3 = —1.732
13. Answers will vary.

ﬁ, b, = 10.4 cos(0.47),

ﬁ, b, = 10.4 cos(0.157),

g 3. __ 2. __3
14. s 6 = NG cos 0 3 tan 6 5
V13 13, 2
CSCG—T cO= R COt9——§
15. 146 (sm — sin ) 28rr111110nkmd0wn
sec T cos =X 2 ( ) €83
4 3
16. a) i) an T T ose ?ZT (tan E) 13
sin I
B (cos 2T”)(sin 3771-)
P T
=
3
_\2\\2
(S5
V2 \\3
(55)
L 2\2
(1
(%5
= —g ~ —(.866



17.2.63 m?

ii) smS—Tr — cos 117Tcotz
4 6 3

= sin%r - (cos “Tﬂ) ta; )

(-5 (51)

W[y

-1 1
22
_ V2 1
2 2
= _62_ L. 1207
w2
by SEC4 COS 3™ (1.414)(—0.5)
tan T 371' (0.577)(1.414)
an — CSC
6t 4
= —(.866

ii) sms—ﬂ- — Cos 117Tcotz
4 6 3

= (—0.707) — (0.866)(0.577)
= —1.207

4.3 Equivalent Trigonometric Expressions

:—A

sinf = cos(5 ~ ) = eos(§) =

sec %T = CSC(%T - %) = CSC(%T)
_ m_ 2
= CSC(g) = \/_§

oo F- ) -onl5 2

cos 27” — 0.766 = sin(g + 2777)
_ sin(W) _ sin%r — 0.766

%Tﬂ-; This answer must be added to % to

give %Tﬂ, but this is also the measure of

angle x.

Express Z?W as a sum of % and an angle.
+

2r _ 7
3 2
_2m

2T T
3 2
dm — 31

6

Q R
[
N

[\
|y
|
oy
_|_
Ny

7.

Apply a trigonometric identity to
determine y.
L2 (T T T
sIn =3~ = sm(2 + 6) =Cos¢
Ly =

3T
3 875 9%

NS

10. a) Since an angle of 51—72T lies in the first

11.
13.

14.

quadrant, it can be expressed asa

difference between = 2 7 and an angle a.
Sm_

12_25
_m_ 5T
=571
6w — 57
R )
a=T

12

Apply a co-function identity:
cos Sl cos(ﬂ - 1)

12 2 12
= sin 54 12 = (.2588

b) Since an angle of 71—721- lies in the second

quadrant, it can be expressed as a sum
7y
of 5 and an angle a.

T _m
n-2ta
_Im _m
A )
_Im—6m
A )
a = ﬁ
Apply a trigonometric identity:
cos Im _ cos (E + 1)
12 2 12
= —sin 75 12 —0.2588
a) 1.21 b) 1.21 12.2.92 rad
b= E’ b= 0.31
sec x = —csc 0.57 rad
|
COSX " in (.57
cos x = —sin 0.57
cos x = —0.5396
x =2.14rad

15. 0.05 rad 16.0.73 rad
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17. a) i)

b)

The difference is in the phase shift.

Apply a phase shift of g to the left on

y = sin x and the result is

y= (sin g — x); cos x 1s also a result

of applying a phase shift of g to the

left on y = sin x.

Therefore, sin(% — x) = COS X.
18. a) —0.9749 b) —0.9749
19. a)

The same relationship would

be expected for the reciprocal
trigonometric functions. This means
that we would expect:

csc(—x) = —csc x; sec(—x) = sec x;
cot(—x) = —cot x

They represent reflection in 6 = 0
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20. Answers will vary.
21. Use compound-angle formulas, quotient

identity, and reciprocal identities:
sin(a - 7—21-) = sin & cos g — cos & sin 7—21-

= sin a(0) — cos a(l) = —cos &
cos(a - g) = COS (¥ COS g + sin sing

= cos a(0) + sin (1) = sin &

sin(a — 7—T)

tan(a - %T) = —cos(a ~ 2%)

=—88a _ _ota

smcly

csc(a - 5) = 7sin(a - 751.)

=—Ccosa — —SseC &
sec(a = 5) = COS(C: -7 - siria - oca
cot(a = F) = tan(oi -7 = —C(l)ta
s_in_(otzaE C:T) = sin @ COS 7T — COS Q¢ Sin 71
=sina(—1) — cos ¥(0) = —sin

cos (a0 — 7r) = cos a cos 7r + sin a sin 7T
=cosa(—1) + sin ¥(0) = —cos

R sin(@— 7  —sina
tan(a — m) = cos(a@—m)  —cosa
=tan o
csc(a— ) = 1 =1
sin(@— ) —sina
= —cscw
P 1 _ 1
sec(a—m) = cos (@ — ) —cosa
= —sec
_ 1 _ _
cot(a— )= an(@—7) @na- cota

sin(a — 37#) = sinozcos377r — COS asin32—7T
= sin a(0) — cos a(—1) = cos

cos(a — 377‘-) = COS acos%r + sin o sin%r

~ cosa(0) + sina(—1) = —sina
sin{a — 3
tan(a ) %r) ) cos((a — 32777)) - E(;fnaa
= —cot«



csc(a - 3771-) = L 3T cols a sec o = csc(a + %T) = —sec(a + m)
s1n(a 7) 3
= —cscla + —”)
=sec CSC( 2
sec(a - 3—77) = ( I 37r) = —silna cota = —tan(a + %T) = cot(a + )
cosla — =~
L 2 = —tan(a + 377)
I B CSCO{ ) b) They also represent phase shifts of the
cot(a - 7) = : n(a - 3_71,) = “ootar original function.
a 2 23.2a) 0.8391 b) —0.8391
- —;an a 24. a) —7—21- b) Answers will vary.
a) sina = cos (a B f) = —sin(a — m) 25. a) sin x b) —sin x — cos’x
_ 3 sin(x + %
- COS(“ 2 ) 26.L.S. = (72)
. - sin x
b) cosa = —sm(a a 5) = —cos(a—m Sin x cos & P Ty COS X sin 721'
= Sln(a — 3771—) a sin x
_sinx(0) + cosx(1)  cosx
¢) tana = —cot(a - 771-) = tan(ax — ) - sin x T sinx cot x
R.S. =tan x
3w
= _COt(a - 7) L.S. #R.S.
d) csca= SCC(O‘ - _) —cse(a — ) 4.4 Compound-Angle Formulas
= —sec(a 37#) 1. a) sin%r = \/L— b) sinSTﬂ’z —\g
e) seca = —csc(a 7_r) = —sec(a — ) o) cos 11T — —V6 —\2 d) COS(—5—7T) _1
2 12 4 3)72
= csc(a — 3771—) 5 2 + V2 + V6
f) cota= —tan(a —X) = cot(a — m) 1+\/— 1+V3 . —1—-V3 . 1—43
(o 57)7 50 " 9 Yo
- —tan(a - 7) 4. Answers may vary. For example:
22.a)sina = —cos|{a + 5| = —sin(a + ) B3 _ . (wm | m
( 373) sm36—n(4+9)
—cos(a+ 7 ) smztrcos9 +cosZsm79T
: T
cosa =sin(a + 5| = —cos(a + m) _ (1 T (1\. ™
) ( 2)37r —(\/j)cos9 +(\/§)sm9
= —s1n(a + 7) 1 N -
o = Q(cos 9 sin 9)
tana = —cot(a + 5) = tan(a + )
_ 3 5. Answers may vary. For example:
= cot(a+2) —@—i—tan%
csca = —sec(a + 751') = —csc(a + m) x2 1+ V3 tan X
8
3
= seca+ ) VI8 NG—\E NG—3 V246
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7. a) sin%r = sin(—%) = sin(% - %) sin(x — y) = sin x cos y — €os X sin y

=sin T cos T — cos X sin X = (ﬂ)(l) - (3)(%) S N P - §
4 3 4 3 SN25 SA25) 125 125 125
_Ll_i(ﬁ)_l—@ n = 3 and s
= (\/5)(2) (\/5) 2)= % b) sin x 13 and x is in the first quadrant
137 37T cos x = V132 — 52 _ V144 _ 12
b)cosﬁzcos(7+§) X 13 13 13
37 T 3r ..o sin y = % and y is in the first quadrant

= COS =5~ COS 5 — Sin =— sin 5
4 3 4 3

VI3 —122 25 5

_ _L) 1) (L)(ﬁ) _-1-\3 cos y 3 1313
(23‘5 (2) V2 2 22 sin(x + y) = sin x cos y + cos x sin y
Y Y T T
¢) tan =5- = tan[ — =) = tan(-; — 5 _(S\5 12)\(12) _ 25 |, 144
2 ( ;2) (-3) = (3)3)+ (B)53) =15 * 169
tanz—tan§ _@_1
= Uis Vs 169
I+ tan 4 tan = ) o
-3 - c)cos x = 3 and x is in the first quadrant
TTHMOE) 1443 sinx = W20
d)cscs—ﬂzcsc(3—7r—ﬂ)=+ . 10 ..
12 4 3 i ( 3 E) siny = 13 and y is in the first quadrant
| 4 3 I 102 V69
_ . ; COsy="—"73  ~— 13
sin Tﬂ cos 73—T — Cos Tﬂ- sin g cos(x + y) = cos x cosy — sin x sin y
N
- (L)(l)_ _L_)(‘/—3)_ ERE 2,3/6_1_3 . 3N\13/ 7739 T 739
w27 \Twe )\ 2] o = 20 10
_ 2V2 3 o
1+3 d) cos x = 3 and x is in the first quadrant
V3 V15 N3 16 _4
8. a)cosx=7;cosy=T sin x = 5 =75 T3
VIS5 +4V3 . V15 —V3 sin y = %andy is in the first quadrant
b) i) g ii) g S o
iii)3\/§—1iv)3\/§+1 cosy=57_4=?9=%
8 7 8 cos (x — y) = cos x cos y + sin x sin y
9. a)cosx = —%; cos y :% _ (é)(ﬂ) + (ﬂ)(i) _12 12 _ 24
SAS SAS) 25 25 25
b) i) —8—3Wﬁ)—8+3ﬁ y
45 _45 e)cot x = 3 and x is in the first quadrant
o WNTT—6 . NTT +6 1 5
ii) 3 iv) 43 tan x = 55 = 2
10. a) COS X = %and X iS iIl the ﬁrSt quadrant secy = % and y is in the ﬁrst quadrant
Gnx- -3 N6 _4 3222 _\§
X 3 3 3 tan y = 3 =75
sin y = %—‘51 and y is in the first quadrant tan (x + y) = tan x + tan y

1 +tan xtany

252 —242 49 7

cosy = 25 ~725 T 25
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(§)+(§) 5+3  5+3\5
6) " \2) "6 _ 6
EIE) e B

2
1205+ 3V5)  2(5 4 3v5)
12— 5V5

T 6(12-5V5)

f) sec x = % and x is in the first quadrant
3
secxX ~ 4

2 -3 7

SlnX:T:T

COS X =

tan y = % and y is in the first quadrant
13 _ 13

V132 + 52 V194
S

B -
V132 + 52 V194
I
sin(x — y)
1
sin X cOs y — COs x sin y

1)) - Gliss)

T 57 — 39

V3 cos a — sin
2
3 1
12. csc(7+0) 37 3
SIHTCOS 0+ Cos 5 sin 0

siny =

cosy =

cse(x —y) =

11.

_ 1
~ (—=1)cos 6 + (0)sin 6
1

T —cosO+0 —secd

Y

Br_ 7
13. cos 4 — —cosy

14. a) ’

yan

b) second quadrant ¢) — % d)2.15
e) —0.548 and — 10~ —0. 5477225575
15. a)smb 4tanb——— b) —5z ¢) —

d) 7 e)2. 21 rad f) The angle 2b hes in the
third quadrant, as indicated by the signs
of the three primary ratios.

16. a) 2 _2\5 b) Answers will vary.
17.sin 2x = _%; cos 2x = —2—75
18. a) sin 2x = %—g; cos 2x = % b) sin 2x = —1;

cos2x =0 c)sianZ%;COSZxZ%

d) sin 2x = —%; cos 2x = —%

19.sin 3x = 3sin x — 4 sin® x
20. cos 3x = 4 cos® x — 3 cos x

21. a) b) \'2 +2‘/—

22. cos xcosy = 2[cos (x +y) + cos(x — )]

\/2+\/—

RS = %[cosxcosx + sin xsin y
+ cos x cos y — sin x sin )]

= %[2 COS x COS
= COS X COS Y
=LS
2v% cos @sin(f — 3)
gcos?f

23. R
T
P=%

2 ; _T
. 2v* cos 051n(0 6)

2T
gcos” ¢

22 cos 6 (sin 6 cos %r — cos Osin %T)

- 2T
gcos’ ¢

2v% cos 6 (sin 9(%) — cos 0(%))
BP
g( 2 )
_ 2v% cos 6 (%)(\5 sin @ — cos )

3
43
42 cos 6 (V3 sin § — cos 6)

3¢
The range of the rocket is
_ 42 cos 6 (V3 sin 6 — cos 6)

3¢
4.5 Prove Trigonometric Identities

1. a)1 b)cscx ¢)cscx d)2
2. a)yes b)yes c)no d)no e)yes f)yes
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b)

¢)

d)

4. Answers may vary. Sample answer:

sin x + CoS x
sin X coS X

d) sin x — _ SeC X — CSC X
S X — COS X = ~gec x CsC X

5. a) This is not an identity, i.e.,
tan? x + sec? x # 1

¢)secx +cscx =

Counter-example: x = %

LS. = tanz% + seczz‘—r = (1> + (\2)?
=1+2=3

RS =1

L.S. # R.S.

Therefore, tan® x + sec? x # 1.
b) This is an identity, i.e.,

cos x tan? x = sin x tan x

L.S. = cos x tan®> x Use quotient

identity.

sin® x
= COS X BN
~ T costx
_ sin’x
T cosx
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sin x

= Sin X Go5 x Use quotient
identity.

= sin X tan x

=R.S.

L.S.=R.S.

Therefore, cos x tan? x = sin x tan x is

an identity.
¢) This is an identity, i.e.,

tan 2x — sin 2x = 2 tan 2x sin? x

L.S. = tan 2x — sin 2x Use quotient

identity.

_ sin2x .

= cos 2y Sin 2x
sin 2x — sin 2x cos 2x

cos 2x
sin 2x (1 — cos 2x)
cos 2x

sin 2x
© cos 2x

(1 — cos 2x) Use quotient
identity and
double-angle
formula.

= tan 2x(1 — (1 — 2sin? x))
= tan 2x(1 — 1 + 2sin x)
= tan 2x(2 sin? x)
= 2 tan 2x sin® x
=R.S.
L.S.=R.S.
Therefore, tan 2x — sin 2x =
2 tan 2x sin? x is an identity.
d) This is an identity, i.e.,
sin 2x = tan x(1 + cos 2x)
R.S. = tan x(1 + cos 2x)Use double-
angle formula.

= tan x(2 cos® x) Use quotient identity.

=30 (2 cos? )

=2sinxcosx  Usedouble-angle
formula.

= sin 2x
=L.S.
LS.=R.S.

Therefore, sin 2x = tan x(1 + cos 2x) is
an identity.

e) This is not an identity, i.e.,

SEC X CSC X
sec2x # =5 ——

Counter-example: x = %T



LS. = sec(2%) = secg—r =2

T (T (l)(z)
R'S.:sec(6)20sc(6)= \@2 :\/_§
L.S.#R.S.

SEC X CSC X
Therefore, sec 2x # =5

f) This is an identity, i.e.,

sin? x + cos? x + tan? x = sec? x

L.S. =sinZ x + cos? x + tan? x

=1+ tan? x Use quotient identity.
sin? x
cos? x

_ cos? x + sin? x
cos? x

= 12 Use reciprocal identity.

cos? x

= sec? x

= R.S.

L.S.=R.S.

Therefore, sin? x + cos? x + tan x =
sec? x is an identity.
cos? x — sin? x
cos? x + sin x cos x

cos? x — sin? x
~ cos? x + sin x cos x
_ (cos x — sin x)(cos x + sin x)
B cos x(cos x + sin x)
_ COSX —sinx

Use Pythagorean
identity.

=1 —tanx

g)

COS X
=1- 33;32 Use quotient identity.
=1-—tanx

=R.S.

L.S.=R.S.

cos?x —sinx  _
cos? x + sin x cos x
1 — tan x is an identity.
. Answers may vary. For example:

Therefore,

a) counter-example: x =

b) counter-example: x =

¢) counter-example: x =

AM@§wmam

d) counter-example: x =
. sin(%r + 9) = sin(7—2r)cos 0+ cos(%r) sin 6
= (1)cos 6 + (0)sin 6 = cos 6

. a) —sinx b) —cos x ¢) —cosy d)cosy

. tan 32 is undefined

Use quotient identity and compound-angle
formula instead.

10. sm( 4377) \/gcosxz— sin x
LS. = sin(x - 4?7‘-) Use double angle
formula.
-l o)
=2 sin(% - 2%‘-)cos(% - 2?71')

Use compound-angle formula.
= 2[sin X cos 2 cos > sin 2—77]
2 3 2

X 21 X 27r
COS~ 3 cos 3 + sm sin —5—

-3 (3]
o) =510

i T
( cos +\/—sm )

=2

= (%)(Sinjcosi — \/§sin2%
2X 4o X X
+ 3 cos > 351n2c:0s2)

= (%)[—2 sin%cos% +

V3 (cos2 = —gin2% ) Use double-
2 2
angle formula.

= (%)[—sin X+ \/?(cosz% — sin? )26)]
Use double-angle formula.
= (%)(\5 cOs X — sin x)

V3 cosx — sinx
B 2

=R.S.

LS. =R.S. .
47\ _ V3 cos x — sin x
Therefore, sin| x — 3 )= 3

is an identity.
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11. cos(2x + g) = —sin 2x

LS. = cos(2x + 731')

= cos[2(x + 7—T)]

4 Use double-angle

formula

Use compound-

=1- 2sin2(x+%
angle formula

. . 2
=1- 2(smxcos7zr + cos x s1n%r)

sin x(%) + cos x(\/%)r
=1- 2[(\/%)(&11 X + cos x) ’

=1-2

= 1 - 2(§)itsin x + cos )P

=1 — (sin x + cos x)?

=1 — (sin?> x + 2 sin x cos x + cos? x)
Use Pythagorean identity

=1—(1+ 2sin xcosx)

= —255in X COS X Use double angle
formula

= —sin 2x

=R.S.

12. Answers may vary.
13. a) sin 4x = sin(2(2x)) = 2 sin 2x cos 2x
b) sin 6x = sin(2(3x)) = 2 sin 3x cos 3x
sin 8x = sin(2(4x)) = 2 sin 4x cos 4x
These identities will hold for all sin kx, where
k is a positive integer because the angle kx

can be expressed as 2 (%), therefore,

sin kx = sin (2 (%)) =2sin k7x cos k_2x

4.0 % 30 T LTy 37 In Lix Ln

90, m2m L, 3L a2 IF
Q0=x=2r 7T

15. a-b) Answers will vary.

16. Answers will vary.

17. a-b) Answers will vary.

18. Answers will vary.

19. a) No, the graphs are not the same for all
values. b) Answers may vary. For example:
Letx=0;L.S. # R.S.

20. B = Fcsc O
e oo I
Use reapliocal identity csc 0 = o
B= F( sin 9) _F
I - Isiné
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21.a) I = I, cos 6 b) half the original intensity
22. sin (x + y)sin (x — y) = sin®> x — sin? y
(sin x cos y + cos x sin y)
(sin x cos y — cos x sin y) = LS
sin’ x cos? y — cos® x sin?> y = LS
sin® x (1 — sin’ y) —
(1 — sin® x)sin® y = LS
sin? x — sin? x sin? y
—sin?y +sin? xsin?y = LS
sin?> x — sin’ y = LS
= RS
23.a)R.S. = %[cos(x — ) —cos(x + p)]
= % [(cos x cos y + sin x sin )

— (cos x cos y — sin x sin y)]
Ll
_E[ sin x sin ]
=sin xsin y
=L.S.
b) i) 2 [cos(x + ) + cos(x — »)]

= COS X COS )
if) Z{sin(x + ») — sin(x — y)]

= cos x sin y

iii) %[sin(x + y) + sin (x — p)]

= sin x cos y
24 .x+y . X—y_ 1
. Q) sin 5 sSin— —2[cosy—cosx]
+ J—
b)sinxZycosxzyZ%[sinx+siny]
x+y . XYV _ 1. .
¢) cos 5 sin— —2[s1nx—smy]
_|_ J—
d)COSXzyCOszy:%[COSX‘FCOSy]

25. a—c) Answers may vary.

Chapter 4 Challenge Questions

C1.94.6m

C2. Any values for the radius and the radian
measure that satisfy the relationship
52 = 20 are possible solutions.

C3.1.7425 m/s

C4. As you move from the equator (where the
circumference is a maximum) to the poles,
the circumference decreases by a factor of
cos L. At the poles, the circumference is 0
(because of the fact that at the poles the
angle is 90° and cos 90° is zero).



(C5.3.43° As the angle increases, the speed
must also increase, as these two variables
are in direct proportionality to each other
in this formula.

C6. 7 radians or 45°
cos(x + h) — cos x

C7.a) 7
cos(x + 0.1) — cos x
0.1
_cos x ¢cos(0.1) — sin x sin(0.1) — cos x
B 0.1
_ (cos(O.l) - 1) i (sin (0.1))
=cosx{—7 ) ~sinx{—57
= —0.050 cos x — 0.998 sin x
c) 7
2
BN N
x4 -2 0 4 6N\
-2
—4

The expression after the cos x is
approximately equal to zero [and gets closer
to zero if /4 is smaller than 0.1 (0.001, for
example)], and the expression after the

sin x is approximately equal to 1 [and gets
closer to 1 if /4 is smaller than 0.1 (0.001,
for example)]. Therefore, the expression is
approximately equal to —sin x.

C8.a)[ |y

20

10

0 1 2 3 4 5 %

b) moving left: (0.5, 1), (1.5, 2), (2.5, 3),
(3.5,4),(4.5,95)
moving right: (0, 0.5), (1, 1.5), (2, 2.5),
(3,3.5),(4,4.5)

¢) Answers may vary. d) 27

e) Whent =0, 1,2, 3,4, and 5, the
velocity has the same value of
approximately 6.3.

C9. 60°
C10. max = 1299 Vand min = —1299 V

Chapter 5

5.1 Graphs of Sine, Cosine, and
Tangent Functions

__3rm
1. aymax—4atx = 2;2
; — _T o
min—6 at x = o)
b) max 8 at x = =27, 0,
min6atx = —m, T
_ dr T
¢)max 2 atx = 27
; _ T o
min 0 at x = i)
d)max —2atx = —27, 0,
min—4atx = —m, T
2. a)
b)
)
d)

3. a)yz%sinx b)y =3cosx

¢)y=—7sinx d)y Z—%cosx

4. a)yzsin(

_2r _ _4r
X 3)b)y—cos(x 5)
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c)y=sin(x+57ﬂ-) d)yzcos(x+llTﬂ')

. a)yzsin%x b) y = cos 4x
c)yzsin%x d)yzcos%x

. a)y= SSin%x
b)

a)3 b)2down ¢) y =3cosx—2
d

. a)T b)2T7rleft ¢) y = sin ’2(x + 2%)]

d)

9. a) To determine the amplitude:

max — min _ 0.82-0.08

3 5 =0.370
The period is 4 seconds, so
2w _ 4
k
4k =2m k=75

Since the minimum amount of air is in
the lungs at ¢ = 0, the cosine function
needs to be reflected in the r-axis. The
point (0, 0.08) must be on the function, so

V' =-0.370 cos (%t) + d becomes

0.08 = —0.370 cos (%(0)) +d

0.08 =-0.370 + d
d=045
Therefore, V' =-0.370 cos (%Tt) +045L
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b)

¢) V' =-0.370 cos (737(5.5)) +0.45
=0.71L
10. y = 2 cos (1—7gx)
11.2)y = 13.1 sin[%(x—4)] +8.6
b) 2.05° ¢) 19.9°
12.2)y = 12sin (7—57x)
b)

¢) 11.4 cm below equilibrium position
d)6.3s,8.7s
13.2)25 b) 30 up ¢) 90 d)%

14. a) vertical translation 3 down

b) vertical stretch by factor of 2

¢) phase shift %r right



s

d) change of period to 4 graph. The following transformations are

all equivalent to y = csc x:

Y =sec (x—(g + 27m)), n 1s an integer

y = sec (x + (37% + 27rn)), n is an integer

15. a) The solutions must be from the interval
—4 =< x = 4, since beyond this, y = %X
exceeds the amplitude of cos x (which is 1).
ForO0<x<4,y= R 1S positive.

According to the CAST rule, for 0 < x < 4, b) approximately 0.446 rad
cos x is only positive once (cos x is 22154 m
positive in the first quadrant, but negative 7. a) According to the diagram,

a

in the second and third [which is Whlere o8 x = 1200
x = 4 stops]). For—-4 <x <0,y = yo is 12610
negative. According to the CAST rule, for Sod =55~
—4 < x <0, cos x is negative twice Since the function dis in terms of x

(cos x is positive in the fourth quadrant,

. _ and ﬁ = sec x, this function can be
but negative in the third and second

written as d(x) = 1200 sec x

[which is where x = —4 stops]). Therefore, T T
there will be three points of intersection b) d (E) = 1200 sec (ﬁ)
in total. 1200

sin(%r)
b) _ (L)(l) _ (L (ﬁ)
V27\2) \N2\ 2
1-v3
20
So L _ 202
cos(71—7r) 1-13
gy
d\5~]b
5.2 Graphs of Reciprocal Trigonometric ( 12 ) ccomes
Functions d(7_7r) _q 200( V2 )
1. 3.28,6.14 2.1.37,491 3.3.06,6.20 12 1-V3
4. a)y = sec(x—%r) _ 2400\/_5
b) Yes. The secant function is periodic, with 1-13

period 27r; therefore adding a multiple of
27r to the phase shift will not change the
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8. a)a(f)=csch
b)

9. tan9=%lord= Stan 6
One complete revolution every 3 seconds
means that the period is 3.

27 _
k_3
So3k=2m
_ 27
k=3

Therefore, the function d = 5 tan 6 can
be written as a function of time, using the
period of rotation

d(1) = 5 tan (25|
10. a) The cotangent function is the reciprocal
of the tangent function and tan™' is the

opposite operation of tangent.

1 41 T
— = 1.5352 1(_7) ==
b) cot 3 5352, tan 3 6

11. No. Answers may vary. Sample answer:

2y — e [+ T
SECX = CSC (x 2)
12.2)d = 150sec x b) 100V3 m ¢) 173.2m
d)
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13. )

b) i) vertical stretch by factor of 2
ii) change of period to 2?#
iii) vertical translation 4 down
iv) phase shift 2 left

14. a)

b) i) vertical stretch by factor of 4
ii) change of period to 7 iii) vertical
translation 5 up iv) phase shift 2 right

15.a)
‘\1\ $0°-90°_U
L:\\\ <~ T
\\\\ 1.5m
L™~ l
L - L1 + L2
_ 1
L1 = Gn(180°— 90° — 6)
P [ L5
17 5in(90° — 0) 27 sinf
1
L1=m L2=1.5CSC9
L, =secH
L - Ll + L2
L = secH + 1.5¢csch
b)

¢) 48.86°d) 3.5 m



5.3 Sinusoidal Functions of the Form
f(x) = asin[k(x —d)] + c and
f(x) = cos[k(x —d)] + ¢

27
Loa)d=m 1 Mo
U
RiNINANANARIR]
RENANARANARANE
ESNESRIRIEJNE
FRIRIRTRARINIA
IRIEIRRE IR
e
b) 2; 4w /

c)7;8m

S

T

L '

81
€33
I /
/
I} Y !
I § /
/ \ \ !
A 3 L i I
S AN, v
/ AV
A 1]
\
f)§5_71' by
4> 2
/75 7& —'1/ \7; /275 3;:\
b P

. a)y = 3sin(2x) A v/\

2. a)y = Ssin3x) b)y = 2cos(
3. 23 )T o Tleft d) 5 down

e)

. 8)7 b) 47 ¢) 7 right d) 3 up

e)

. a) amplitude 6; period 7r; phase shift

1—75 right; vertical tra nslation 0

b)y =6 sin[Z(x — %)]

C) i
AL A
R f
| |
.
iy
I
|
1

|
|
| I
| | /
[ T
ak

|
2

e

| |
I W
RNY) \ V)

/
!

|

]

|
|
|
\
\

d) same

. a) amplitude %; period 27; phase shift % left;

vertical translation 4 down
b) y = —%cos(x + 78_T) —4
c) Fy 3

d) same

VL
AIEAVIIEAV
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O AT
ANl

/
:

jAEANAEA

WAL

Vo \

A4

| W
1] i
T2 y

= L

10.2)y =2 sin[z(x + 7%)]
b)y =3 sin[4(x -9
11.a)y = %cos[%(x + %r)
b) y = 4 cos[2(x — )]

12.a)y =6 sin’2(x + ZTTF)
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+35

14.2) y = —5 cos (7—rx) + 16

b)‘

15.a)

b)

c)

A O WO A L W

/
M

Distance above the ground (m)

10 15 20 25 30 35 40 45 s
Time (seconds)

A period of 30 seconds means
2 _

ke 30
30k = 2m; k = 1=

15
The amplitude of the function is the

radius of the wheel, so amplitude = 14.
The centre of the wheel is 14 + 2.5 =
16.5 m off the ground, so d = 16.5.

As well, if the wheel position starts at
the lowest position at ¢ = 0, then the
cosine function must be reflected in

the x-axis to have a minimum value at

t = 0. All of this together means that

y =14 cos (%z) +16.5

If the wheel speeds up, the period of
the function gets shorter, so k increases.



16. a) 22 c)

G
g
AT

Distance from the Mean
Position (cm)
¥

i d)8.2m

Time (seconds)
20. a) The amplitude can be found as

_ (ST
b) y = 22.5 sm( 5 x) max—min _ 350=50 _ 5,

17. a) amplitude 3, period 7, phase shift %r rad follows: 2 D)
to the right, no vertical translation The function has a period of 12 months so
=3sin2(x -7 o7 _
by = 3 sinf2(x ~7 ) =12
© 12k = 2mk =T

If February is the starting month of
the data at 7 = 1, then the phase shift
is 1 unit to the right. The point (1, 50)
is on the function, which means that:
s(t) = a minimum point

150 cos [%T(t— 1)] +d

d) Answers may vary. Sample answer: -
Becomes s (1) = 150 cos [g(l - 1)] +d

1= 3enf(x 5

Yy 50 =-150 +d
18. a)g,ﬁ,ﬁ d =200
b) All of this information produces the
function
s(#) = -150 cos [%(z - 1)] +200.
b) s(t)
g 400
g 300
E 200
¢) yes, at approximately 10 171.5 days Eimm
d) at ¢+ = 7305 days; intellectual: 87.79%; —
emotional: 18.83%; physical: 18.45% Month (Feb = 1)

Potential for the next 30 days:
21.2) y = 8 sin (% (x— 10)) +12

b)[

20

10

5

0 10 20 30 40 50 60 70 80 X

19. a) approximately 4:08 p.m. (16.133 3 hours)
b) i(t) = 4.4 sin[0.167r(x — 0.508 3)] + 3.8
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5.4 Solving Trigonometric Equations
1. a)0.52,2.62 b)2.69, 3.59 ¢)0.79, 3.93
d) 1.77,4.51 e) 2.09, 5.24 £) 3.48, 5.94

2. a) 2 Thp) 2T I7 o T AT 42,94, 6.09
3. 2)0.78,2.37,3.92,5.51 b) 0.84, 2.30,3.98,

5.44 ¢) 1.48, 1.66, 4.62,4.80 d) 1.10, 2.04,

4.24,5.18 e) 0.49, 2.66, 3.63, 5.80

)7r2_7r4_7r5_7rb)7r271'4_7r57r
3 3°3 3373

c)7—T2—4—5—7Td)E57T77TH7T
332323 6
5. a)1.98.3.84 b) 0,2.47

c)
w5 w2
)0271'72 b)——
o F 1T L ) 27 AT 1 23, 5.05
e) 1.82, 4.46 f) no solution g)73r 53?‘-,

1.82,4.46 i) 727 i) 2,331, 6.12

7. 3)200529+0089—1_0
(cos@+ 1)(2cos8—-1=0)
cos@+1=0or2cosf-1=0

cos 6 =-1 cos@z%
6 = 180° 6 = 60°

We eliminate the solution 180° due to
the restriction on the variable given in
the question, so the solution is 60°.

b) A = 16 sin 60° (cos 60° + 1)

BHEiTe
16(V3 )(2)

_ 48V3

g

4
= 12V3 =20.8
Therefore the maximum area is 20.8 cm?

c)

8. 2)67.5°
b) 18.75 m

270 MHR -+ Answers 978-0-07-0724556

max R = 18.745m at 6 = 67.5°
9. a)30°60° b) 123.6 m

10, 2% _4m 27w 7 w 2w 4w Sm
3 3> 3> 33 3°3°3
11 1 +secx __sin’x
sec x 1 —cos x
1
1+ sosx _ 1-cos?x
1 1 —cosx
COS X
COos X 1
Cosx T cosx _ (1 —cos x)(1 + cos x)
1 (1 —cos x)
COs X
cosx + 1
% =1+ cosx
COS X
cosx+ 1., €osx _
cosx+1=1+cosx
0=0
Since this is always true, all values are
solutions to the original expression, as a
result the solution is x € [—2, 27 ].
12. a)

b) 2.02, 4.91

5.5 Making Connections and Instantaneous
Rates of Change
a) i)
12 sm( 19051-) 15 — ’12 sin
10-5
_ 19.104 241 72 -17.083 778 13

5

ST+ 1)

= 0.404



12 sm( lé)gr) 15 — [12 sm + 15]
ii) g 3. a) 120; 407 b) E = 120 sin (40717)
19.104 241 72 — 18.708 203 93 — 1220l (x —
_ 1 4. a)y =122 sm[ g (x 4)] +10.9
= 0.396 b)[
12 sm( o ) 15— ’12 sin 9990” 15] P
iif) 10-99 -
19.104241 72 — 19.064 855 04
- 0.1 {
=0.394 0 4 8 ™M 16 20 23 X
107 . (9.997
12 Sm( 90 ) 15— [12 Sm( %0 )T 15] )y = 11.76 sin(0.55x — 2.35) + 10.66

iv) 10-9.99 ;

_19.104 241 72 — 19.100 305 29 20

N 0.01 15

= 0.394 ”
b) As the two points from part a) get

closer and closer together at the value

of x = 10, the behaviour of the secant IEERERE-SETE S

slopes becomes the value of the tangent y
slope at x = 10. As a result, the tangent 20
slope is approximately 0.394 m/s. 15
¢) The instantaneous rate of change i
represents the speed of the particle §
atz=10s. 0 s 1Y 16 20 ﬁ'x

d) The slope of points on a sinusoidal

function that are in phase to each other The two graphs are very close to each

should have the same slope. Therefore, g;hAer- . |
ith this function h iod of nswers may vary. For example:
w1 1S function 2271;/1ng a period o (x, y) i (4.27, 10.9) e) 65

ror 180, we would

90
expect the speed to be the same at

t=194s, t = 374s, and so on. 5. a)
.a)d(i) =6 cos(%rt) + 14

b)

180 seconds 5~ g :
k f) the rate by which average monthly

temperature changes at month x

b) y = -1.543 sin[%(x - 6.5)] +9.071

C) {EER 2 e abo meaL ]

¢)i) —0.804 ii) —0.409 iii) —0.273
iv) —0.137 v) —0.069 vi) —0.014 _ .

d) approximately —0.016 e) speed by /\/\
which water depth changes at time
t =9:00 a.m.

X|
i) 2004

does not fit really well
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d)

Answers may vary. For example: The
regression equation and the model are
pretty close.

e) 1998 f) —0.8 g) the rate by which the
number of unemployed people changes
at year x

6. a) Answers may vary. For example: At
t = 5, the weight is at its minimum
position, and would have a slope of zero.
The speed would be a max at a time of
t = 1.5 seconds, half way from a min
(at 7 =1)and amax (¢ = 2). b) 9.5 cm/s
¢) speed of the weight (going up) at
times=1.5s
7. a)i)0.8363 m/s

iii) 0.7639 m/s

b) 0.763 m/s

¢) No, the graph of the sine function
changes its slope continually and
would not likely yield the same value at
a different value of .

8. a)

ii) 0.7766 m/s
iv) 0.7626 m/s

No, fails the vertical line test. Restrict
range to [0, 7].

b)x=0r¢)—1
9. a)

O,7r,27r;x—>77r;x—>377r
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b)

¢) Answers may vary.

10. a)
Instantaneous
Value of 6 Rate of Change
- -1
-
2 0
0 1
z 0
2
T -1
b
) y
6
Y = COS X

¢) The instantaneous rate of change of the
sine function is the cosine function.

Challenge Questions
Cl. a)

b)24m ¢)24.1m

C2. a) 1.72 b) 2.27 ¢) 12.27
d) d(¢) = 1.72 cos[0.1637 (t —0.05)] + 2.27
€)3.98m

C3.a)3

b)



C4. %T d) months 0, 6, 12; month 9
C5. a) From the diagram, in the summer:
Chapter 6

_2 _ 2 :
tan 0= sod =, and since the 6.1 The Exponential Function

) ) ) ) and Its Inverse
angle is a function of the latltude,zglven 1. a)i)domain {x e R} and range
by 23.5 + [, we have d(]) =

@n35+ 1) 0% <R
ii) no x-intercept
b) iii) y-intercept at (0, 1)
iv) the function is always positive
v) the function is always increasing
vi)y =10
b) 7

¢) Answers may vary.

C6. 2) 4
-8
C) 7
4
y=2"
-8 —4 0 4 8x
b) 2.034 s, 5.176 s; 3.605 s T*
-8

C7. 0.001335s C8. April, October :
d) i) domain {x >0, x € R} and

. -3 -3.373 range {y € R}

3
clo. —3F @& 3T i) x-intercept at (0, 1)
T2 222 iii) no y-intercept
C11. 26 C12. g iv) t[he fun(ftion is positive for x > 1 and
s is negative for 0 < x <1
C13. 2) 2.6° b) 190 km/h v) the function is always increasing
C14. 2) y = 3.2 sin[F(x — 9)] +7.7 vi)x =0
2. a) Data set (ii) is exponential. Successive
b) terms have constant ratios. b) y = 5*
3. Tables b) and d) represent exponential
functions. Functions are y = 1.5(3)* and
y = 4(0.8)*, respectively.
4.
Excellent fit.

¢) y = 3.293 sin(0.527x + 1.534) + 7.647

a) i) 3.75 ii) 9.38 iii) 23.44 iv) 58.59
b) i) 5.73 ii) 14.32 iii) 35.79 iv) 89.48
¢) positive and increasing

Very close.
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3. HixeRlL,{yeR y>0
ii) no x-intercepts iii) y-intercept 1
iv) positive for all x in the domain
v) decreasing for all x in the domain
vi) horizontal asymptote at y = 0

d) g7!(x) = logy;3 x
D{xeR x>0}, {y eR}
ii) x-intercept 1 iii) no y-intercept
iv) positive: 0 < x < 1, negative: x > 1
v) decreasing for all x in the domain
vi) vertical asymptote at x = 0
9. a)-c¢)

a) i) —1.05 ii) —0.79 iii) —0.59
iv) —0.44 v) —0.33
b) i) —0.91 ii) —0.68 iii) —0.51
iv) —0.38 v) —0.29
¢) negative and increasing
6. a)i) 760 ii) 711.15 iii) 582.65
iv) 391.12

b)

d)y =4

10. a) 21.46 b)0.18

11. a) 46.75 watts b) 22.09 watts ¢) —0.101,
—0.051 d) —0.105, —0.049

12.2) 0.01 b)0.86 ¢) 5.03

d)

¢) —97.7d)i) —94.49 ii) —88.41
7. a)—c)

dfx)=3"){xeR}, {yeR y>0;
ii) no x-intercept
iii) y-intercept 1 approximately 58.2 F, 50.3 F, 444 F
iv) positive for all x in the domain e) —0.021, —0.139
v) increasing for all x in the domain 13.2)
vi) horizontal asymptote y = 0
f7U(x) = logsx i) {x € R, x > 0},
{y € R} ii) x-intercept 1 iii) no
y-intercept iv) positive: x > 1,
negative: 0 < x < 1 v) increasing
for all x in the domain vi) vertical
asymptote x = 0
8. a)-¢) b)
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¢)4.3m d) —11.3%/m e) —7.21%/m;
greater, magnitude of slope is increasing
as d increases

14. X
flx) = (%) Inverse of f
xeR
Domain {xe R} {;; 0}’
R, R}
Range {;; 0} el
X-intercept none 1
Y-intercept 1 none
Intervals for
which f(x) is (—o, +) (0,1)
positive
Intervals for
which f(x) is none none
increasing
Equation of B
asymptote y=0 x=0
6.2 Logarithms
1
1. a)log;243 =5 b) log, 316 — -3
2. a)2b)—6¢)2 d)—2.6
3. a)43=164 b) 10" =30
4. x=logs1255.-3
6. 5*=625
7. a)log;9 =2 b)log, 16 =2
¢)log (L) =-24d) logl(L) =3
6\36 127
e)log,y = x f)log,,10000 = 4
1
g) logs (1—25) = —3 h)logpa = x
8. a)3b)5c)—2d) —4e)—4104g)5
h)7 )8 §)9
9. a)5b)—3¢)—3d) -9 e21f—7
10. 2) 23 = 8 b) 372 =% 0ab=3d)3*=2
e2"=06 )23 =x g)\2" =7 h) 57 =3x
11. a)

12.
13.
15.

16.

17.
18.

19.

b)

a)2.1 b)—09 ¢)1.1 d)3.3e)—19 )39

a) 6.3 b) 12.6 14.2) 11.56 b) 13.78

a) 218.7 km b) 76 158 859.21 s
(or approximately 21 155 hours)

a) 2.36 X 10% b)10.5h ¢) 149h

a)4.3 b) 10~ mol/L

a) Sirius is 23 times more luminous than
the Sun. Vega is 53.8 times more luminous
than the Sun. The North Star is 5875
times more luminous than the Sun.
Deneb is 63 715 times more luminous
than the Sun. b) Answers may vary.

A
a) 2374 years b) 19 000 years ¢) R = 1019000
d) 99%

6.3 Transformations of Logarithmic

1.

W

Functions

a)

b)i) {x € R, x > 2}, {y € R} ii) x-intercept
2.000001 iii) no y-intercept iv) vertical
asymptote x = 2

a)

b)i){x e R, x> -2}, {y e R}
ii) x-intercept —% iii) y-intercept —1.56

iv) vertical asymptote x = —2
a) and iv); b) and iii); ¢) and ii); d) and 1)
a) translation 3 units to the left
b) translation 2 units to the right and 4 up
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¢) translation 3 units to the right and 2 up
d) translation 2 units to the left and 3 up
5. a)

domain {x € R, x > 0}, range {y € R};
no y-intercept; x-intercept 1000; vertical
asymptote x = (

b)

domain {x € R, x > 4}, range {y € R};
no y-intercept; x-intercept 5; vertical
asymptote x = 4

¢)

domain {x € R, x > 2}, range {y € R};
no y-intercept; x-intercept 2.001;
vertical asymptote x = 2

d)

domain {x € R, x > —4}, range {y € R};
y-intercept —1.4; x-intercept 96; vertical
asymptote x = —4

6. a)y=2logx b)yzilogx ¢)y = 5logx
d)yz%logx
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7. a){x e R, x>0}, {y e R}

b) {x e R, x>0}, {y e R}

{ixeR x>0}, {y e R}

d){xeR x<0},{yeR)

e){xeR x>0}, {y e R}

Hi{xeR x>2},{y e R}



b) iii)
©) iv)
d)

b) i) domain {x € R, x > 5}; range

{y e R}; vertical asymptote x = 5;
ii) domain {x € R, x < 0}; range

{y € R}; vertical asymptote x = 0
iii) domain {x € R, x > —4}; range

{y € R}; vertical asymptote x = —4
iv) domain {x € R, x > 0}; range
9. a)y= —log[ %(x + 5)] -3 {y € R}; vertical asymptote x = 0

b)y = —log[%x + 5] -3 13.2)
10. y = Slog(x + 1) )
11. a) compress vertically by factor of 3

b) stretch horizontally by factor of 4
¢) compress horizontally by factor of %
d) stretch horizontally by factor of 3

12. ) i) b)
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d)

14.

15.127.155h
16. a—c¢)

d) i) domain{x e R} ii) range
{y € R, y > 0} iii) horizontal
asymptote y = 0

17. a)

b)
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18. a) domain {x € ,( - 5

19.

20.

21.

22.

2° 2 22

(_377’ 5777), } The function S(x) is

defined only when cos x is positive. The
cos x function is positive in the intervals:
. ED(
N A T A S RN o
range {y € R, y < —3}, due to the fact
that cos x will always be positive and
less than one, and the log of this will be
negative, causing the value of the function
to always be less than —3.

b)

Sw 37r)’( Y 7r)’

¢) Answers may vary. Sample answer:
No, because pattern is too cyclic, most
likely created by a naturally occurring,
repeating event such as the rotation of
a pulsar.

a) i) 12 years ii) 19 years

b) approximately $1585

¢) A = 1000 because n = 0 1
a) compress horizontally by a factor of >
translate left 3 units, reflect in the x-axis
b) reflect in the y-axis, stretch vertically by
a factor of 3, translate up 4 units
The function y = —log(—x) can be obtained
by reflecting y = log x in the y-axis and
reflecting in the x-axis, so that a point (a, b)
is transformed to (—a, —b). Reflection of the
function y = log x in the line y = x has the
exact effect, so the two functions are inverses.
a) Each pair of graphs is identical.



b) translated up 4 units

6.4 Power Laws of Logarithms

1.

2
3.
4.

Lx A

11.

12.
13.

9

. L.76

1.75

a) 1) $1500 ii) $1881.60 iii) $2360.28
b) i) 6.1 years ii) 12.2 years

a) 15 b)3.37 ¢) -6 d) —1

2)3 b)4 ¢ 18 d) -9

a) 1.29 b) 043 ¢)2 d) 1.60

a) 1) $1500 ii) $1694.59 iii) $1914.42
b) i) 14.2 years ii) 28.4 years

.2)2.613 b) 3.210 ¢)0.732 d) —0.59%4

e) —2.727 £) —6.530
2) log,9 b) logs12 ¢ logs 5
d) log 5 (x + 3) 7
a)4.292 b) 100 ¢) 1.250 d) 4.096
a) Initially, the investment is made
atr =0, so
A(f) = 1200(1.06)*
A(0) = 1200(1.06)°
= 1200
Therefore, the initial investment is $1200
b) To triple means that the investment
needs to grow to $3600, so
A(f) = 1200(1.06)*
3600 = 1200(1.06)°
3 = (1.06)*
€n 3 =21€n(1.06)
€n3 _ ¢
2 €n(1.06)
t=94

14.

15.

16.

17.a

18.

Therefore, it will take approximately
9.4 years for the investment to grow
to $3600.
a) 21 b) 21 ¢) Answers may vary. For
example: Power law of logarithms is easier.

a) t=logys (%) becomes

1
t =logys (m)
=797

Therefore the docking procedures can begin
approximately 8 hours after the controlled
breaking starts.
b) Due to the answer for a), we have

adomain {d € R, I = x =250},

range {t e R,0 =t =8}
a) A(t) = 1(1.04), where [ is the initial

investment
b) i) 28 years ii) 35.3 years
¢) i) 26.5% ii) 60.1%

log; 1024 log; 37

) log; 4 b) log; 10

a) A(7) = I1(1.0275)*, where I is the initial
investment
b) i) 12.8 years ii) 20.2 years

6.5 Making Connections: Logarithmic Scales

1.

el

N

9

11.
12.

in the Physical Science

a) —2 b) 8.3 ¢) 0.001 mol/L

d) tomato juice has 10 times higher
concentration of hydronium ions than
soft drinking water

approximately 4 times

approximately 8 times

a) maximum stereo output is 100 times as
intense as a shout b) 100 dB

a) 15 849 times b) 4.7

a)3 b)31c¢)s5Sd74

a) 107> mol/L b) 10~* mol/L

) 5.012 X 10~ 2 mol/L

d) 6.31 X 107" mol/L

Substitute 7 = 1.15 X 10~1%in L = 10 log

L =10log
= 101logl15
=20.6dB

39.5dB 10. 100 times

a) 107 times b) 103 times

3981 times 13. 6
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14. a) 5011 872 times b) 2.5 X 107° times
15. 3162 times
16. a) The factor of the increase is given by

log(LL), so when the brightness
0
increased by 200 times, the factor can be

found by evaluating log(200) which is
2.301. Therefore, the magnitude increased
by a factor of 2.3

b) The factor of the increase is given by log

(L_LO)’ so when the brightness increased

by 1000 times, the factor can be found by

evaluating log(1000) which is 3 Therefore,

the magnitude increased by a factor of 3
17.2) 107 W/m? b) 0.5 W/m?

Chapter 6 Challenge Questions

C1. 3.35mg, 0.45 mg

C2. N = P(1 —¢~0159) becomes
N =1000(1 —¢~0153)

= 1000(0.36237)

= 362.37
Therefore, 362 students would have heard
the rumour after 3 days.

C3.2)38.2W b)0.84 W ¢) —0.0827 W/day,
—0.0149 W/day d) —0.0856 W/day,
—0.0019 W/day

C4. 6.8 C5.a2)50 119 b)star B

P
~In(55)
0.145
2715
_ln( 760 )
0.145
_ 1029 356294
0.145
— 7.099 km

C6.a)h =

~In{755)
0.145
8.85 % 0.145 — —1n(%)

b) 8.85 =

128325 = 1n(7—§0)

108325 — P
¢ 760

P =760 X ¢~ 1.28325
P =210.6 or approx 211 mm
of mercury
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Il 560)
I

°) 2.1="514s5
2.1 % 0.145 = —1n(%)

(P

—0.3045 = ln(—760)
03045 _ _P_

€ =76

P =760 X ¢~ 03045
P = 560.49 or approx
560.5 mm or mercury
The pressure difference can be found by
subtraction: (760 — 560.5) = 199.5 mm
of mercury
C7. a) 3541.5 m b) 83 mm or mercury
C8. a) 9.8 years b) 4.3 years

C9. a)

b)

Cl10.a) 0<a<1
b) point of intersection (x, y) is always
in quadrant 1, where 0 < x < 1 and
0<y<l1
C11. a) A(z) = 1(1.002 307 692)3*
b) i) 9.2 years ii) 11.6 years
¢) i) 604% ii) 1099%
C12. 4.04 years C13. approximately 10%
C14. 1 584 893 times C15.4
C16.7 C17.6.31 X 10>mol/L

t
C18. 20 times C19. x(¢) = (‘”’2[;1)
a2e—b
Chapter 7
7.1 Equivalent Forms of Exponential
Equations

1. a)2!6 h) 2! ¢)279 d) 2w
1
2. a) 38 b) 32 ¢) 376 d)3les



3log5
. 2)4% b) 2710 ¢) 4t

. )3 b)3! 7
.a)x=—10b) /=28 ¢)x = <

3
4

> 9

6. 2)27° )9 ¢)3° =273 = 9 =19 683
7

8

9

. a)410 b) 45 ¢) 4 d) 43

. a)x=? byw=4¢)x=12 d)W=%
23 8 39
. a)x=—-3 b)xz—ﬁ c)y=—7 d)k=§

10. a) x = 7 b) x = 7 ¢) Answers may vary.

ayx=—7 bk=-3
12.a) x = @ b—c) Answers may vary.
13.2)x =2 b)x= -2

)

x= —% = —0.4 d) Answers may vary.

__1 -1
14.a) x = 3b)x 3

15. a)i) x = log 5 ii) x = log 3 iii) x = log 7
b) x = log b

16.2)x =13 b)x = {3 Ox = |t
d) Answers may vary.

17. a) i) no solution ii) x <5 b) Answers may
vary. For example: Graph both side of
the inequality. Identify where the graphs
intersect. Identify the interval(s) where
the inequality is true.

7.2 Techniques for Solving Exponential
Equations

1. Graphl:y= 200(% 3: Graph 4: y = 70(

1 X
X g)x
Graph3:y = 70(%)3; Graph 2: y = 200(%) ;
2. a)6.19 b)6.18 ¢)2.71 d)8.78 ¢) —4.10
f) —1.46 g) —12.01 h) =5
3. a) approximately 76.7 mg b) approximately
6.2 min ¢)no
2log4 3log7
a) x = log4 —log 3 b) x = log5 — log 7

11.
12.

13.

_ 2log4+4log9
€)X = log9 —log4
q ~2log5—5log8

)x = 3log8 —log 5

a) x = 9.638 b) x = —17.350
¢)x = 14257 d) x = —1.551
a)z2+z—-12=0,a=1,b=1,c=—12
b)z=3o0rz=-4c¢)z=—4
a)z2—2z2—3=0,a=1,b=—-2,c=-3

byz=3orz=—1¢z=—18.2h

4
a) 10.7 min b) 35.5 min

. a) approximately 279.6 days

b)

¢) i) graph would decrease faster

ii) graph would decrease slower
d) i) graph would stretch vertically

ii) graph would compress vertically
x =log; 6
a)x=—-044 b)x=0.28 ¢)x=0.5
dx=056 epx=—-158 Hhx=—1

a)

b)

c)
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d) 19.2)65h b)49h 20.2) 1.18 m b) 29
tlog 1.4
21. P(f) = 4(2)%10e2 22.2) 16.5% b) 360.5%

N
23.2) A1) = Ay (5)5 b) {1 < R 1= 0},
(A eRO<A= A}

7.3 Product and Quotient Laws of
Logarithms

1. a)log40 b)log8 c)log,24 d) 1

2. a)1.602 b)0.903 ¢)4.585 d) 1

3. a)log(6xyz),x>0,y>0,z>0

3xy
b)log27 ,x>0,y>0,z>0

a
f) c)log(7),a>0,y>0,z>0

2.,3
d)log(%),x>0,y>0,w>0

a)8 b)3 ©)6.5 d)3
a)8 b)4 ¢)6 d)2
a)1 b)2 o)1 d)4
a) 1 b)2 8.log; 5(x — 2)

14. a) 3 years b) 8.2 years 1

loga + 4loghb — s logc
15.2) (1) = 2500(2) iy 4
by—c) 10. a) log 3 x> 6
b) log(x? + 3x + 9), x > 3
11. a) logs x + logs y, x>0,y >0
b) logga — loggb,a>0,b>0
¢)3+log, 5

d) 1 + logs 20
12.2) =3 log x,x > 0 b) 2 log.x, x > 0

L AN R

d) 1280

16. 24.6 days
17. a) i) 8 days ii) approximately 26.6 days 13. a) log(x = 3), x > 3 b) log(x —4), x > 7
) 9log* 57} x> 4 D1og375)
x<—-2,x>2
14. a) 4 log m,m >0 b) logp, p >0
2 _ 5, _
) logw, x>6
x—3 3
d)log(3x — 2), x> 5

c)%logx,x>0 d)%logx,x>0

¢) i) half-life of 8 will be replaced by a 15. a)
larger number
i) graph decreases slower
18. a) P(r) = 5000(2)" b) P(¢) = 3500(3)
¢) r = 1.9 days; approximately 2 days after
each of the movie trailers was posted,
they reached the same number of people.
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b)

d) same for x > 0; power law

(x =3y

16.a)y =——F, {x e R, x >3}

My=mﬁ%zﬂxeRx>Qx¢1%m

X2

c)y=(x+5)2, {(xe R, x>0}
17. Answers may vary.
18. a)

b)

©)

d) r(x) and s(x) are the same for x > 0.
This illustrates power law of logarithms.
19. a) approximately 8.7 years
b) i) Firm B ii) Firm B

¢) Answers may vary. Sample answer:
Other issues such as promotions, health
insurance, vacation, maternity, travel,
commuting time, etc., may influence
Ifra’s decision.
20. a) i) approximately —0.42
ii) approximately —0.67
b) E is negative; the cell is expending energy.

V.
21.a) Ay = 20 log (70) b) approximately 4.24

22. Answers may vary.

7.4 Techniques for Solving Logarithmic
Equations

1. ayx=15b)x =135 ¢)x =927
d)x =6 ¢)x=106 fn =19

2 Ax=Tbhx=% gx=4
d)x=-25et=6Hn=-3,n=>5

3. a) x=15 b)x = *3 ¢)no solution
d)no solution e)x =5 ) x =6

x=13 e
a)x=3i3\/§ b)x:w
7

Dx=2bx=5gx=1L
a)x =2

NS Nk

b) no solution

8. a)approximately 9139.6 m b) approximately
5539.0 m ¢) Answers may vary. For example:
The difference in height will be calculated

as follows: .

Py(original)
h=18 40010gw,
P, (original) is the original air pressure at
ground level and P, (new) is the changed
air pressure at ground level.

where

Chapter 7 « MHR 283



9. a)3229.5m b) 7.6 mm of mercury
¢) 61.49 mm of mercury
10. x =16 11.x=2.6

7.5 Making Connections: Mathematical
Modeling with Exponential and
Logarithmic Functions

1. a)

b) A(f) = 100e~01%

¢) approximately —3.1 weeks (3.1 weeks

ago) d) approximately 0.15 gm
e) A(7) = 100.326(0.876 865)

2. a) y
1.5 % 104
104 i
..
5000 o
[ )
[ ] ® *
0 s 10 15 X

b) From the graphing calculator:

A = 1035(1.185 23, with 7 = 0 at 1983.

To convert this to an exponential
function in base e:
(1.18523)" = €M

In (1.18523)" = &

tIn(1.18523) = kt
k = In(1.18523)
k=0.170

Therefore 4 = 1035¢%17
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3.

4.

5.

) A = 1035¢0170"
15000 = 1035¢170"
15000 _ o170

1035
(3% = 0.11?000
_ ln( 1035 )
0.170

t = 15.7 or approx 16
Therefore, the population of
home-schooled students reached
15 000 in approximately
1999 (1983 + 16).
d) A = 10350170
A= 103560'170(37)
1035¢6%
= 1035(539.15)
= 558 023.7
Therefore, in 2020, there will be 558 024
home-schooled students in Canada.
e) verified using a graphing calculator
a) A(f) = 2500(1.025)*
b) approximately $ 3200.21
¢) approximately 14 years
a) A(f) = 2500(1.025)* — 75
b) translation 75 units down

a)

b) i)



6.

7.

8.

iii)

¢)i) y = 5.57143x + 3.571 43

ii) y = 0.642 857x% + 0.428 571x
+ 11.2857
iii) y = 9.583 02(1.250 53)*

d) Exponential model is preferred because
it best expresses steady growth for
several months before the collection
of data.

e) approximately 10.5 years

f) Answers may vary. For example:
Population of predators, food supply,
health issues, etc., may affect this trend
of rabbit population.

a) P = 200(1.122)

b) P = 200(1.122)"~20

)

a) approximately 17.2 min
b) approximately 18.7 °C;
approximately 20.8 °C

a) 10° b) 100 dB

Chapter 7 Challenge Questions

C1.

C3.

C4.

Cs.
Ce.

C7.

2)6°> b)672 ¢) 6% C2a)x=2

b) x = =23

a) approximately 297.3 mg

b) approximately 185.8 days
2log4

log4 — log 7

_ Tlog3+ 3log2

b) ¥ = 5g2 —Tog3

aA)b#0b)b>0¢c)b<0

a) no solution b) x = 1

¢) no solution d) x = log; 2

a) approximately 722.5

b) approximately 124.6

a)x =

C11. a) log(

C8. 2)5b)3 ¢)2 d)2
9. a)log; 21 Bloga( 2L ). a>0,a % 1,

dC
b>0,d>0,5s>0

C10. a)2log,a + log, b — 510g4 c,a>0,

b>0,c>0
1 1
b) 3 loggy + 3 loge(y + 1), >0

xES)’x>5
b)log(ﬁtg),x< —92,x>5

Cl2.a)x=-22b)x=75 C13.x =3
C14. a) 10 hours b) approximately 46.7%
C15. Answers may vary.

C16. Answers may vary.

C17. a) x = 4096

logs 3
b)x=0,x= 5 =0.13
logs2

CI8. a)

b) A(t) =10 0006’0‘055 9(t—1999)

c) A= 83234580

d) r = 2015.4 (approximately first
half of year 2015)

e)

C19. a) A(7) = 1500(1.044)>

b) approximately $ 4216.03
¢) approximately 12.8 years
d) i) translation of 75 up
ii) vertical stretch by factor of 2

C20. a) approximately 8.5 days b) 45 items
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Chapter 8

8.1 Sum and Difference of Functions
1. a)i)y=7x—4ii)y=5x+4

iii)y = —5x — 4
b)ij)y=-5x+10i)y=—x+4
iii)y=x—-4

O)i)y=x>+21i)y=x>—-6
i)y = —x2+6

d)i)y=2x2+8x—9ii)y=2x>2—2x—5

iii) y = —2x2+2x+ 5
2. a)h(x) =8x+ 2, h(—2)=—14
b) i(x) = 4x + 12, h(4) = 28
¢) h(x) = —4x— 12, h(=3) =0
3. a)h(x) =2x*+ 5x — 4, h(0) = —4
b) h(x) = 2x*> — 5x + 10, h(—5) = 85
¢) h(x) = —2x> + 5x — 10, h(6) = =52

4. a)

{x e R}, {y e R}
b)

{xeR},{y e R|y= -8}
5. a)

b)
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- J() =[xl g(x) =5

i)y =/f(x)+gx)=|x[+5

i) y = f(x) — g(x) = |x] =5

i) y = g(x) = f(x) =5 — ||

b) i) Apply translation of 5 units up.
ii) Apply translation of 5 units down.
iii) Apply reflection in the x-axis first and
then apply translation of 5 units up.
¢)i) The domainis {x € R} and the
rangeis {y € R |y = 5}. ii) The
domain is {x € R} and the range is
{y € R|y = —5}. iii) The domain is
{x € R} and the range is
{y eR|y=-5}.

. a)

b)



10. a) T,(x) =

. 2) C(p) = 12.50 + 0.25p, R(p) = 4.25p
b)

¢) Break-even point (3.125, 13.281 25) is

where the cost equals the revenue and the

courier starts to make profit.
d) P(p) =4p — 12.50

e) (p):{p e R|0=p=27},
{CeR|12.50 = C=19.25}
Rp):{p e R|0=p=27},
{ReR|0=R=114.75}

P(p): {p e R|0=p =27,
{PeR|—-12.50 = P =95.50}

f) $95.50

. a) i) reduce fixed cost ii) reduce variable

cost

b) Answers may vary. For example: If
more than 23 (rounded up from 22.5)
packages are delivered per day, then
reducing variable cost is the better
option because the daily profit is
higher.

(2 + 4)

3

12 — x
5

, Ty(x) =

11.

12.

1
(x2+4)2+12—x

b) T.(x) + Tj(x) = 3 5

¢) The domain is {x € R|x = 0} and the
rangeis {1 € R|y > 209}.
a)

b)

¢) i(x) = 3* d) As x increases, the rate
of change of f(x) = 3x + 1 is positive
and constant. As x increases, the rate
of change of g(x) = 2x? is positive
and increasing. As x increases, the
rate of change of /i(x) = 3¥ is positive
and increasing faster than g(x), which
influences the rate of change of the
combined function 7(x).

a)—g(x)=—-x—7

b)

Q) f(x) +[—gx)] = —11
d)
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13.

e) f(x) — g(x) = —11, same as in part c)

a) Let x represent the number of units sold:
C(x) = 175x + 750 000 b) S(x) = 599x
¢) P(x) = 424x — 750 000

14. f(x) = 2x*> + 7x + 8 and

15.

16.

17.

g(x)=3x*—5x+3

Answers may vary. Sample answer: If the
domains of the two functions are not the
same, a value of either f(x) or of g(x) will
not have a corresponding value from the
other function to combine with in the
addition or subtraction. As a result, the two
functions could not be combined.

Answers may vary. Sample answer: The
degree of the addition of the functions f(x)
and g(x) will be determined by the highest
degree of the two individual functions. This
highest degree will determine the type of
function for (f + g)(x).

a)

b)

)y =12 sin(x + %)

d)

e)y =12 sin(x - %)
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18. a)

b) periodic (like the sine function), but
follows the slope of the line g(x) = x

©)

d

infinitely many intersection points
e.. —3m, 2w, —m 0, m2m 3m, ...;
g(x) intersects A(x) at the zeros of f{x)
f) The curvature is up because g(x) has
positive slope.

8.2 Products and Quotients of Functions
1. a)y=x3+3x2—9x — 27

{xe R}, {y e R}

|
by=1"73



{xeR|x#3,x# -3},
{117 c Ry # L) hotear (<3, ~1)

horizontal asymptote: y = 0 vertical

asymptote: x = 3
0y=x—3

{(xeR|x#-3},{yeR|y+# —6};
hole at (=3, —6)
2. a)y =0.5sin x

{xeR}: {yeRj}
= 3

xeR}, y e R}

0y = 0.5%
Y= Sin x

{xeR|x#km k=0,=%1,%2 ...},
{y € R|y # 0}, vertical asymptotes:
x=km k=0,=%1, *2, ..

exponential functions

b) P(1): {te R|t=0},{PeR|P=
1500}; F(¢): {t e R|t =0}, {F — R|
0 = F = 5000}

¢) point of intersection: (0.67, 1969.77); the
crisis point is when the food supply from
surrounding farms is not enough for the
increasing population of the town.

d)

It shows how much time the town
has before the food supply from
surrounding farms is not enough.

e) The t-intercept is approximately 0.67
and it represents the crisis point. f) The
model for P(¢) is not valid for ¢ values
greater than the crisis point, because
the surrounding farms are not the only
source of food; the town can bring food
from other locations.

This function represents food available
from surrounding farms per person.The
function is an exponential function.

b) crisis point coordinates: (0.67, 1);

F(t

at t = 0.67 years, the ratio of % 1S
1, which means there is just enough
food for each person in town from the
surrounding farms.
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¢) Before the crisis point, the town had
enough food supply from surrounding
farms. After the crisis point, the food
supply from surrounding farms is not
enough, which means they would have
to bring food from other locations.

5. f(—x) =Vx*>— 4, g(x) = cos x
a)

SED =X =4 =V -4 =/(x)
The function is even.
b)

g(—x) = cos(—x) = cos x
The function is even.

¢) The function is periodic (period 27).
As x — *oo, the amplitude increases.
It is symmetric about the y-axis.

d) The domainis {x e R|x =2, x = -2}
and the range is {y € R}.
6. a)

even {x e R|x>2, x < -2},
{y e R]|y<0.170 623}
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b)

even{xeR|x>2,x<—2,x¢k—ﬂ,

k= =*1, %3, £5 %7, ...},
lyeR y=*5}
7. a)

Both functions increase over time;

P(t) has a slope that is positive and
increasing and F{(z) has a slope that is
positive and constant. P(z) is increasing
at faster rate than F(¢).

b)

The function is decreasing. Between
t = 0and ¢ = 0.66, there is a food
surplus. After 1 = 0.66, there is food
shortage.

¢) (0, 4); the maximum food surplus, 4,
occurred at year ¢ = 0

8. a)

The function is decreasing.

b) ¢+ = 0; same result as in question 7. b)
Analyzing the difference function
(as in question 7. b) and analyzing the
quotient function are two different
methods that provide the same answers.



F(t
¢) When %t)) > 1, there is food surplus;

F(t
Lilv} > 1 occurs at the interval (0, 0.67)

P(1)
F(1) .
When +— < 1, there is food shortage;

P(1)
% < 1 occurs at the interval (0.67, )
9. f(x)=37%g(x) = x%y = f(x)

g(x) = 37)x?

Domain: {x € R}; Range: {y € R|y = 0};
x-intercept: 0; y-intercept: 0; Horizontal
asymptote: y = 0; End behaviour:

As x — +o0, y — 0 from above; as

X — —oo, y — +oo; Minimum: (0, 0);
Local maximum: (1.82, 0.45)

(—oo, 0)|x = 0[(0, 1.85) [x = 1.85[(1.85, +e0)
Sign of
Function * 0 + + +
Sign of
Slope o 0 + 0 -

10.a)i)y = x> — 7x% + 15x — 9;ii) y =
b){x e R|x # 1, x # 3},
1
{yeR|y¢0,y#§}

11.a)5m
b) Original function:

x—1

i) Air resistance reduced:

ii) Swing lengthened:

12. a)—c) Answers may vary. d) For functions,
odd X odd = even, odd X even = odd,
and even X even = even. This is exactly the
same as the multiplication of numbers.

13. f(x)=3x>+4x—1

gx)=2x+4

or

{f(x)=3x2+%x— 1
g(x) = %xz +2x +4

8.3 Composite Functions

1. a)0.672 + 20t + 160 b) 486.4

2. a)y=x>—2x—1by=x>—6x+9
Oy=x—4d)y=x*—4x+4x?
e)y=x

3. a)

xeR}L{yeR|y=-2}
b)

{(xeR}L {yeR|y=0}

Chapter § -« MHR 291



¢)

{x e R}, {y e R}
d)

xeRlL yeR[y=0;
e)

{x e R}, {y e R}
. f(x)zxz—3x+5,g(x)=x£2
a)f(H)=(1P2-31)+5=1-3+5=3

gf1) =g®) = 315=1=1
b o) =715 =7

st =)~ 4~ ) -5 -
15

Popularity is decreasing

i) 50% ii) —0.4; popularity is
decreasing at 0.4 % per day iii) There
may be more than two candidates.
At the beginning of the campaign
Candidate A has 50% popularity;
Candidate B has 40% popularity.
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The rest 10% could be popularity
of other candidate(s) or could be
undecided voters.

b)

Popularity is increasing

i) 40% ii) 0.26; popularity is increasing
at 0.26 % per day iii) The answer
depends on how long the campaign
is and how many undecided voters
there are.

c)i)

The graph represents the popularity
of the rest of the candidate(s).
Popularity is increasing ii) If the
campaign lasts less than about 15
days, candidate A will win. If the
campaign lasts more than about 15
days, candidate B will win. iii) The
results will be the same as in part
¢). The last two candidates have no
chance of winning.

7. a) +4x b) x ¢) +4x d) The answer in

part ¢) is an inverse of the answer in
part b) e) 2; 4; —2. Notice that f(f~!(x))
= xand /"~ '(f(x)) = x.

8. a) periodic function with amplitude of 1

and the curve changes its concavity from
up to down or down to up at the zeros of
the function /(x) = cos x

b)



¢) The function is periodic; the period is
27, same as i(x) = cos x d) {x € R},
{yeR|-1=y=1}

9. a) periodic function with amplitude of 1;
the curve changes its concavity from up
to down or down to up at the zeros of the
function /(x) = cos x

The function is periodic; the period is
27T, same as i(x) = cos x; {x € R},
{yeR|-1=y=1}

b) same domain, range, period, amplitude,
zeros; difference in the shape at the
inflection points

10. a) V() = —0.00011x> — 0.015¢> + 0.5335x
+ 72.75

b) q 31 PoEC AUTD REAL X
sgasa TV

flx)=(2.85-0.001-x2) {154 0.116)

i x

[268.07 20 21155
» -285.38

c)15s

11. N(t) = 300 + 75, W(N) = 2N
a) W(t) = W(N(t)) = W(300 + 75¢t) =
2¥300 + 75¢ b) ¢ is the time in years
since 2007. t = 0 represents the year 2007
and therefore the domain of the new
functionis {t € R| 7= 0}. Atz = 0, the
size of the company’s workforce is
W(0) = 24300 + 75(0) = 2v300 = 20V3
= 34.6, which is rounded to 35. Therefore
the range of the new functionis {W e R |
W =20V3}.

12. a) C(h) = 2375 + 47.5h
b) approximately 4.7 hours

13. 2) i) f(g(x)) = 2(4x — 7)* i) h(g(x)) =

-1 ... -1 .7

pEe— iii) g~ 1(h(x)) = it b) 2

14. a) {x € R} b) periodic function; looks
like the sine function but every negative
section of the sine function is reflected in
the x-axis (scalloped shape)

c)

{(xeR}5L{peR|0=y=1}
d) “parabolic” shape
e)

xeRL{yeR|y=0}
15.2a) {(x e R|x# 9}, {y e R|y <25}
b) {x e R|x # —4, x # 4},
yeRly#0}
©)
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8.4 Inequalities of Combined Functions
1. a)

Points of intersection: (1 + V2,2 + 242),
(1—=12,2-2V2)
il - V2<x<1+V2
)x<1-v2,x>1+12
O Im St 3w
2 (P2 TE) (<28 30, (-1.0769.0)
3. a)

This function is a sum of a linear
function and a reciprocal of linear
function. It has two asymptotes x = 0
and y = x. The graph is made up of two
branches with end behaviour as follows:
Asx -0,y >0, Asx — 07,y — —x;
Asx — oy —x;Asx — —o,y — x
Since n represents years, n cannot be
negative, and also n cannot be zero.
Therefore, the domain of interest for
this problem is {n € R |n > 0}

b) C(n) < 55

n+19%0 _ 55

2
n +n100 < 55

n? + 100 < 551

n?—55n+ 100 <0
- —b = Vb%—4ac
2a
55 + 1552 -4(1)(100)
" 2(1)
= 35 £ V2625

2
n=19orn=53.1
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C(n) < 55 in the interval (1.9, 53.1)
C(n) is below 55 when inventory is
between approximately 2 and 53 cell
phones. Therefore, minimum number
of cell phones that can be ordered is 2
and maximum is 53.

¢) Use the graphing calculator to find
local minimum.

The optimum order size that will
minimize storage costs is n = 10.

d) The best number to order is 10 cell
phones because the storage costs are
at minimum, C = $20.

4. a)i) minimum number decreases, maximum
number increases ii) maximum
potential profit increases

b)

5. a)i) the restaurant chain could sell any
number of hamburgers but at a loss
ii) profit turns to loss

b)

6. a)i)s_z\/ﬁ

5+413
2

<x<

. 5-413 5+ V13
i) x < 5 x> 5



b)

. a)

c) > _F <x< > +2\/§; same as a) i)
b)

o e Uu(x)
c)i) If ) > 1, then u(x) > v(x)

i) If % < 1, then u(x) < v(x)

. a)

b) i) The graph of f(x) is above the
graph of g(x) between x = 0.9 and
x = 3.7, and also when x is less than
approximately —6.6. Therefore,
f(x) > g(x) on the intervals
(=, —6.6) U (0.9, 3.7)

ii) The graph of f(x) is below the graph of
g(x) between x = —6.6 and x = 0.9,
and also when x is greater than
approximately 3.7. Therefore, f(x) <
g(x) on the intervals (—6.6,0.9) U (3.7, )

9.

10.
12.

13.

Answers will be the same as question 8§ when
using the following methods:
Method 1: Analyzing the difference
function y = f(x) — g(x), and
Method 2: Analyzing the quotient

Jx)

function y = ——=
e

—0.824 <x <0.824 11. x > 0.718
a)

b) —5 < x < 17, therefore, given that
minimum ticket price is $12, maximum
realistic ticket price is 12 < x < 17.

){pEeERI2=p<I1T},

{N € R|0 < N =85}

a)

b) 0 < x < 17; yes ¢) No, maxima of
N (p) occurs at p = 6 and maxima of
R(p) occurs at p = 10.66. In this case
a combination of fewer visitors paying
higher ticket price produces higher
revenue than more people paying lower
ticket price. d) $10.66

14. a)

profit function
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15.

16.

¢) 13.0524 < p < 16.144 1, profit d) no,
because profit depends on both revenue
and cost

¢) Optimum ticket price is $14.66;
maximum profit per ticket is $3.23

a)

b) 2 points of intersection; when C(x) = R(x)
means 0 profit for the company c) (3190,
18 810); the company makes profit

d)

e)i) 11 000 units ii) 0.55 $/unit iii) $ 6100
f) R(x) is a quadratic function; the graph
is a parabola, facing down; after the
maximum point the function decreases,
and one reason for this is probably
because demand for pens decreases
Let n be the number of necklaces made in a
given week. a) C(n) = fixed cost + variable
cost C(n) = 55 + 3.50m

b) R(n) = price per necklace X number of
necklaces made per week
R(n) = (25 —n)n
R(n) = 25n — n?

¢) Stephanie will make profit if her
revenue is greater than her cost,
R(n) > C(m)or R(n) — C(n) =0

d) Graph the functions C(n) = 55 + 3.50n
and R(n) = 25n — n? on the same graph.
Compare the graph visually in order to
find the interval(s) for which R(n) > C(n).
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The graph of R(n) is above the graph
of C(n) between x = 3 and x = 19.
Therefore, R(n) > C(n) on the interval
(3, 19).

Stephanie should make between 3 and
19 necklaces each week in order to

make profit.

e) P(n) = R(n) — C(n)

P(n) = (251 — n?) — (55 + 3.50n)
=25n —n?> — 55— 3.50n
=—-n>+21.5n—55
= —(m?— 21.5n + 55) Complete

the square
21.5 21 5
e (437
—[(n — 10752 - 46223 55]

—[(n — 10.75)*> — 115.562 5 + 55]
—[(n — 10.75)*> — 60.562 5]
—(n — 10.75)*> + 60.562 5

The maximum of the function P(n) =
R(n) — C(n) occurs at n = 10.75 and
the value is approximately 60.56.
Therefore, the optimum number of
necklaces is approximately 11 and
Stephanie will earn approximately
$60.56.

17.2) N(f) — P(t) = 4200 + 45.2¢ —

1500(1.025)"

b) availability of local water supply for the
town population ¢) In approximately
62.5 years there will be shortage of local

N(1) _ 4200 + 45.2¢
water supply. d) iy = 75501025




e) availability of local water supply for the b) Compare to

N(1)

. . y
town population; If 520 > 1, there is

N(t
enough local water supply; if % <1, 2

there is shortage of local water supply. 1 /' \\ m
\_/

8.5 Making Connections: Modeling With ] .oow 002 W
Combined Functions !

1. a)] v -2
2

These notes will sound good together

1 pe
\ \\/\ W W since the resultant curve of the combined

function is similar to that formed from
the individual notes

3. p=2x+200+ 0.4 sin(%rx)
4. Original graph:

b) the D major triad of D, F# and A:

.00Y\.002 /003\.004/ * a) Greater height:
EREAVE

2. a)i)| »

b) Lower height:

1

5. a) Longer cord:

1
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b) Shorter cord:

6. a) Springier cord:

b) Stiffer cord:

7. Original graph:

a) Shorter moguls:

b) Farther apart moguls
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b) In the first region of each cycle, the
skier travels up the chairlift. In the
second region, assuming that the skier
does not wait at the top, the skier skis
down the hill. In the final region the
skier waits in line for a chairlift.

¢) Answers may vary. For example: Use
a combination of straight lines with
different slopes to represent the three
different regions of a cycle.

9. a)

b)

10. a)



b) Quartic function. When using
technology, the regression curve for a
quartic function fit best and had the r?
value closest to 1. y = 0.793 812x* —
60.542 x> + 1356.55x% — 4692.85x +
1524.55

¢) N(1) = 0.793 81214 —60.54213 +
1356.551>—4692.85¢ + 1524.55

d) Removing the data point caused a
slight reduction in the coefficient of
determination 2. This implies that a
quartic regression works better with
that particular data point.

11. a) Use a graphing calculator to plot all the

data points.

b) Use the regression function of the
graphing calculator to find a curve that
best fits the data points. In this case the
quadratic function y = x> + 4x + 50
best fits the data.

To check how close the curve fits the

data points, display the value for the

coefficient of determination, r2.

In this case > = 1, which means the
quadratic function y = x? + 4x + 50
is the best fit.

) v(t)=1r+4t+ 50

d) c(v) = (%% - 0.09)2 +0.18
cOr(1) = (fzﬁfloﬁo - 0.09)2 +0.18

12. a) i) Answers may vary. Sample answer: The
motion of the runner would look like a
cosine wave, but sketched along the line
y = t, rather than along the time axis.

ii)

12. b) i) Answers may vary. Sample answer: The
motion of the runner would look like
a cosine wave, but sketched along the
curve y = ¢, rather than along the
time axis.

Chapter 8 Challenge Questions
Cl.a)

Chapter § « MHR 299



b) C4. a) W(1) = 7.50¢ b) T(¢) = 12.25¢
¢) E(r) = W(¢) + T(r) = 19.75¢

¢)

d) $632

5. a) point symmetry, i.e., the graph is
symmetrical about a point

b)
Ca)y=x>+2x—16

6. a)y=ﬁ,x¢5

{x e R}, {y e Rly = 5.75}
by = x>+ 2x — 16 + (&)

{(xER|x#4x#5}, {yER|y+1}
b)y=x—-4,x#5

{x e R}, {y e Rly=641}

c)y=x+5—(%)

{(xeR|[x#5},{yeR|y#0,y+# 1}
7. a)y=49x> — 21x — 3

{xER} {yER]
C3. See answer for question C2

(xER}, {yER|y=0.214}

300 MHR < Answers 978-0-07-0724556



b) y = 7x2 + 35x + 3 i) ... U(—6m, —4m U (-2, 0.37) U

(2.78, +)
b)

{xeR} {yeR|y=-2.5}

¢)y =49x — 32
10. a)
{x e R}, {y eR}
d)y=x
b) (—4.07, —0.27) U (8.33, +=)
¢) Using algebraic method, find the
points of intersection and then find
{(xeR}, {y eR} the intervals for which f(x) > g(x).
8. a) 11. a)i) (0,4) U (5.5, ») ii) (4, 5.5)
b) running at a loss c¢) decrease costs
12. a)

periodic with decreasing amplitude;

domain{r € R|x = 0}, range

{x()) € R|=5.65 = x(1) = 7.14} b) Two points of intersection: (477.89,
b) i) 8 sin(37) 441.26) and (5022.11, 11 483.7)

ii) 0.80" This is when revenue equals cost.
Ox=714 ¢) p(x) — 0.000 2x2 + 1.1x — 480
d)yr= (2777) (%), where k is an odd integer

When the pendulum changes direction
e)t=157s

9. a)i)..U(—8m —6mU(—4m —2m)U
(0.37,2.78)
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d) $1032.50
13.£(1) = =3¢ + 350 + 1.5 sin(7x)

14. a)

b) {r € R|0=7=74.1},
(hER|0=h =150}

University Preparation

UP 1.1 Factoring Complex Equations

1. a)x(x—4) b)—(2n+ 1)
)Bx+y—DBx+y+1)
d) —3(5x — 3)3x + 1)
e)3(x — D(x +9) f) —10(7x — 5)(x + 1)
g) —(x— Dx—2)

2. a) - 3(x+9Dx—1
b) 9(2x — 5) €) —§(20x — 17)(22x — 13)

d) —0.11(38x + 9)2x + 1)
3. a)2(6x — 7)(2x + 5)
b) 9(x — 3)(x — 11)(5x2 — 38x + 101)
¢) —32(a — b — 6¢)(3a — 3b — 2¢)
d) —16(2x% — 12xy — 7y?)
(6x% + 4xy + 9)?)
4. a)(x+2+y)(x+2—y)
b) (x —3 —2y)(x — 3+ 2y)
¢)(a+5—3b)(a+ 5+ 3b)
d) 4m? — 4n? — 8np — 4p?
= 4m? — (4n? + 8np + 4p?)
= 4dm? — 4(n* + 2np + p?)
= 4[(m)* — (n + p)|
=4(m —n—p)m+n+p)
e)2(p—qg+2r)p+q—2r
N2 —y+2?+y—2)
g) (x —y — 3a)(x — y + 3a)
5. a)(Ba +3b — 2x + 2y)(3a + 3b + 2x — 2y)
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6.

7.

b) (4s — 4t — p — 2q)(4s — 4t + p + 2q)
¢) (5r — 65 — 3g + 2h)(5r — 6s + 3q — 2h)
d) s2 — 14st + 491> — o> — 18ab — 81b*
= 52 — ldst + 497 — (a*> + 18ab + 81b?)
= (s — 70)> + (a + 9b)?
= —Tt—a—9b)(s— Tt +a+ 9b)
a)(x + 5)(x+8) b)yd(x + I)(x + 6)
)6(x>2— 112 +23(x>—1)+7
Letn=x*—1
6n*> + 23n+ 7
=@n+ 1)2n+17)
=3x*—-1)+DH2E*—-1)+17)
=3x2-3+1)2x*—2+7)
= (3x2 —2)(2x2 + 5)
d) 3(13x + 3)(8x — 1)
a) (x2n — y3”)(x2” + ySn)
b) (3x3n — 2y2n)2 C) (4x2n+1 + 3y4n)2

UP 1.2 Techniques for Solving

1.

N

Complex Equations

aym>—1Tm+16=0
b)x = *4orx= %1
x==x50rx==*l1
a)yn* —6n+8=0byx=2o0rx=1
a)iyn=x*ii)x=+2orx==*1
b)i)n = x? ii) x = *2
o)i)n=x2 i) x = =V10 or x = =V6
d)i)n=x% ii)x = £350orx = *1
e)i)n=x%ii)x=*+2orx==*4
i)n=x>ii)x=*+2o0rx=*5
g)i)n=xii)x=+*V2orx=*\3
hyi)n = x? i) x = =5
aAi)n=5id)x=0o0orx=1
b)i)n=3"i)x=1lorx=3
¢)i)n=2%i)x=2o0rx=3
di)n=2"i)x=1lorx=4
ei)n=2"i)x=1orx =3
HDi)n=3"i)x=1lorx=2
g) 5% —30(5%) + 125=0
Letn =5
n*—30n+125=0
n—25m—-5=0
n—25=0 n—5=0

n=25 n=>5

5% =25 5=

x=2 x=1
a)x=lorx=0b)yx=1lorx=-—1

¢x=*xlorx==*3



7. a)x=3orx=0b)x=1lorx=—

9.

W

)x=-3,x=1,x=—4orx=2

dx=4x=-1,x=lorx=2

e) (x> =2x—-4=
2(x* —2x) — 1

(x> —2xP2? —2(x>—-2x)—3=0
Letn = x? — 2x.
n—2n—3=0
n—3)n+1)=0
(x*—2x—=3)(x*—2x+1)=0
(x=3)x+DHx—12>=0

x—3=0 x+1=0 x—1=0
x=3 x=-1 x=1
a)x=+2orx==3 b)x=—%orx=—3
c)x=%orx=—% d)x=i%orx=i\/?5
e)x=igorx= +1
a)x=%orx=% b)x=—13—30rx=—6
x=-2,x=1,x=—4orx=3

10.a)x=6,x=1,x=—2o0orx=—3

byx=2,x=1lorx=4

c)x=2i\/§orx=3i2m
Layn=x++
b) x = —2i\/§orx=3i2\/§

UP 2.1 Solving Equations Involving

:—‘

Absolute Value
a)6 b)8 c)7 d)11 e)4
A x=*x2b)x==*9 ¢gx==*9
d)x==*x33 e)x==*125 f)x = 39
g) x = £35 h) x = £8 i) no solution

ayx=—lorx=—-7b)yx=9%o0rx= -3
C)x=9orx=—5 d)x=40rx= —6
e) no solution f)x =9 orx = —7
a)x=50rx=—4 b)leorxz—%
¢)x=0orx=—6 d)x=—3orx=?
€) no solution t)x:%orxz —%

g) no solution
Dx=2br=-3 gx=1dx=1

e)xzi f)x = —%orxz

6. a)xz% b) no solution ¢) x =4 d) x =3

e) 16x — 32x — 1| = |10x — 5|
Both 2x — 1 and 10x — 5 are equal to

zero at x = %, which sets up two cases:

Case 1
1
x < 3
16x — 3[—(2x — 1)] = —(10x — 95)
16x —3(—2x+1)=—10x+ 5
16x +6x—3=—10x+5

16x +6x+ 10x=5+3

32x =8

Lol

4
Case 2 |
X>§

16x — 32x — 1) = (10x — 5)
16x —6x+3=10x —5
16x —6x —10x=—-5-3

Ox = —8 no solution
Therefore, the only solution is x = %
0x=—7f
.ax=0orx=-2b)x=1lorx=-5
¢)x=5orx= —% d)x=20rx=%
e)x=9orx=—11

. a)x=10rx=%b)x=2orx=4

¢)x = —%OI'X:% d)x:%orx=2

e)3x — 7 =12 — x|
For intervals:
3x—=7=0and2 —x=0

3Ix=17 2=x
o=l
3
Case 1
x<2
—Bx—-7)=2—Xx)
=-3x+7=2—-x
—3x+x=2-17
—2x=-5
X=3

Since this solution is not in the interval
of x < 2, it is not a valid solution.
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Case 2
2<x< %
-Bx—-7)=-2—x)
—3x+7=-2+x
—3x—x=-2-17
—4x = -9
L9
4
This solution is in the interval, so it is a
solution.
Case 3
x>
Bx—=—7)=-2—x)
Ix—7=-2+x
3x—x=-2+7
2x =5

x=§

This solution is in the interval, so it is a
solution.

9. a) x = £4 b) no solution

UP 2.2 Solving Inequalities Involving

1.

Absolute Value
a) x<—-3orx>3b)-2<x<2
¢) —5=x =15 d)all values of x

O —T=x=4Hx<—dorx>4

14 14
g)—?<x<?
hy—7<x<7i)—4=x=4

19 19
a)x < —70rx>7

- |

B T

_19 19
D 0

Y

[\

b) no solution

c)—%<x<22—7

Y

-
- I

_2 27

2 0 2
d)-10=x=10
- L >
Y T Lol

-10 0 10
e)—T=x=7
- | >
< T Ll

-7 0 7
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4.

HxelR

< |

<

g) -7 <x<7

>l |

Y

=7 0

A x<Oorx>6

<

Y

<

0
b)-5=x=-3

-

Y

Y

-5 -3
) —6<x<8

- |

Y

~ 1

-6 0
dxeR

>l

Y

<

e)x<—13orx>7

Y

\

Y

-13 0 7
f)—7=x=23
s l >
- | »
-7 0 23

glx<—150orx>3

<

B -15 0
h)yx=0orx=4

Y

¢

<
<t

i) —16<x< —4

-

Y

<<

~16 —4

A x<—-2orx>1bx=-lorx=

c)%<x<%d)lﬁx54
10

e)—7<x<§ f)xS—%oerS

gx<—TJorx>4 h)xS%oer

i)x<—677orx>63—5

; 22 _18
])xS—S orxy=—73

!
T
0

[oN BN

Y



5. a)x>3 b)x>1c)x=2

6.

d)2-3x=0

2 =3x
L2
3

Two cases:
Case 1

2
x <3

2—3x>3x—-6
—3x—3x>-6—-2
—6x > —8
<8
x<3
This is in the interval for the case, so
all values of x are solutions in this
interval.
Case 2
x>3
—-2-3x)>3x—-6
3x—2>3x—6
3x —3x>—-6+2
0x > —4
This is always true, so all values of x
are solutions in this interval.
As a result of the two cases, the
solution is x € R.

e)xe[R{

_3
i)x<——g) =5
a)——<x<19 b) -1 <x<1
c)|x+2|>4+|x|

x+2=0 x=0
x= -2

The solutions to the expressions equal
to zero set up the intervals for the cases
of the solution.
Case 1
x <=2

—(x+2)>4—-(x)

—x—2>4—x

—x+x>4+2

0x > 6 no solution

Case 2
—2<x<0
(x+2)>4 - (x)
x+2>4—-x
xX+x>4-2
2x > 2
x>1
This is not in the interval of the case, so
there is no solution in this interval.

Case 3

x>0
(x+2)>4+ (x)

xX+2>4+x

x—x>4-2

O0x > 2 no solution
Since there is no solution in any
interval, there is no solution to the
original inequality.
7. a) —2<x<3

\
Y

-2 0 3
1
< i >
1
3 0
) x < —%orx> —%
13 3
ry 4 0
8. a)yx> -1 b)——<x<L X # -1
6~ 7 10 4
0-12=x=-3
UP 3.1 Introduction to Matrices
1. a)2X3 b)3 -2
4 3 24 18 48
cﬂﬁ Jdﬂ 6 ~12
-12 9 24
15 3 -6

2. a) BC;Bisa2 X 3matrixand Cisa2 X 2
matrix. Since the number of columns
of B does not match the number of rows
of C, this product does not exist.

b) CB; Cis a2 X 2 matrix and Bis a

2 X 3 matrix. Since the number of
columns of C equals the number of
rows of B, this product exists. The new
matrix will have dimensions 2 X 3.
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¢) B%; Bis not a matrix with an equal
number of rows and columns, and so
cannot be multiplied by itself.

d) C?; Cis a matrix with an equal number
of rows and columns, and so can be
multiplied by itself. The new matrix will
have dimensions 2 X 2.

28 2
D ]d)[g 16]
—7 5 21 15 -3
4 a3 2 5|b % 15
3 4 5 9 12 15

¢) does not exist because R and Q have
different dimensions

-8 -2

2

ol 0 3

14

2 -3
—66 24 30 -58 22 30
5.a—2 -4 2/b| 3 -11 1
32 25 23 20 26 -34

¢) does not exist because number of
columns of @ is not equal to number
of rows of P

15 -7 [-104 -13 59

12 43| e| 14 184 -50
18 —47) 1202 -170 148
7 29 17

fl-6 107 -62
10 75 56

g) does not exist because RS and P? have
different dimensions

—33 53 -25] [20 -48 16
hy| 47 -170 97 i)l24 94 24
-53 116 1171 -8 76 -106
6. a) false
Example:
as=[3 3l =11 0
sa=fy 13 =5 S
b) true
Example:
anc=(; L A5 3
:[17 17
41 41
aso =[5 35 1B 5
:[17 17
41 41
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¢) true
Example:

wam =2(fy 36 -1 o
was=fy 3l =2

acm =[5 el H)=13
7. a=5b=2c=2d=—1
8 w156 264

wi -4 [T 5 ]

+42 —1 =2
32 4
-1 0 1
56 -2

BXx—-1—-4%x8 3x1—-4%x3 3x2
—4X =5]+42%xX3—-1%x—-1—-2X%X5
2X2—-1%X0—-2%x6 2x4—-1x1
-2 X =2]

=[-3-32 3-12 6+20]+

46 +1—-10 4 —12 8 —1 +4]

— - 35 9 26 +4[-3 -8 11]
—[-35 -9 26]+[-12 —32 44]
- [- 5—12 —9—32 26+ 44]
—[-47 —41 70]

o I:[o ]

10.2)x =13,y =13 byx=—11,y = —26,2 =3

11‘]‘/[2:[—6 _3”—é _3]: % 1

_< 2 - _[ 10 =5
sm=s[_g T3 =[_% 3
12. No.
Counterexample:

a-ly de-[

(A + B)(A — B) = _1§ -
-9 —8
-9
UP 3.2 Determinants

1. a) unique solution: (%, —1747) b) no unique

solution ¢) unique solution: (— %, —4)



2. Determinant is a real number. Matrix is a b)
rectangular array of number(s) arranged in
rows and columns.
3. a)48 b)22 ¢)—263 d) 58
9 10 _2/ 6 27
e)S‘—7 473018 —15
=59 X4 - (=7) X 10]
—Z[6 % (~15) - 27 x 18] ©) 7

= 5(106) — 3(~576)

= 530 + 384 —— ODx

= 914 —4
4. a)unique solution: (%, %) b) no unique 1s
solution c¢) unique solution: (—%, —1—72)
2 2
d)lr(l)o un3iilue solution e) unique solution: Z—; + ;—5 %2 + g =1 % + ;}—6
8-
330 11 Centre (0,0) (0,0) (0,0)
‘x _1 4 1 ;x‘ =0 Vertices (+7,0) 0, +8) (+10,0)
12)—(x—4)1—-x)=0 Intercepts | y = £5 x==*3 y==6
2 _2(X — xi :_ 451 + 4)46.) i 8 x??t:nagﬁls x-axis, 14 y-axis, 16 x-axis, 20
2(+xx2 — 5xx + 4) ; 0 Minor axis -axis, 10 | x-axis, 6 -axis, 12
2 51 6=0 and length Y ’ i u ’
x* — 5x = ,
(x — 3)(x — 2) = 0 Foci (x2V6,0) | (0, =V35) | (%8,0)
—3=0 —2=0 Distance
* x=3 o x=2 between foci +o 255 16
6. a=1,b=7 3. a)i) (0, =4V3) ii) Major axis: y-axis;
_ 37 _ 20 _ 141 Minor axis: x-axis
7. a)x=—%5,V= —54,Z = =5 b)no :
)' 5877 729 53 ") b) i) (=19, 0) ii) Major axis: x-axis;
unique solution ¢)x =1,y = —-2,z=—4 Minor axis: y-axis

8. f(x)=2x*—5x+38 ¢) i) (0, =3v5) ii) Major axis: y-axis;

Minor axis: x-axis

Up42 2T he E“‘pse , 2 d) i) (0, =V11) ii) Major axis: y-axis;
1. a) 2—9 + % =1b) % + g—4 =1 Minor axis: x-axis
) 5 e)i) (£V21, 0) ii) Major axis: x-axis;
0) lxm T % =1 Minor axis: y-axis

) i) (0, =V18.75) ii) Major axis: y-axis;

2. . . .
a) Minor axis: x-axis
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4
G P G Rl P
121 64 [16 81 144 " 169[18 44

Vertices |(=11,0) [(0, +9)  [(0, £13) [(0, +2V11)

Intercepts|y = +8 |x=*4 |x=*I12 |[x=*+3V2

Major
axisand |x-axis, 22 |y-axis, 18 |y-axis, 26 |y-axis, 4V11
length

Minor

axisand |y-axis, 16 |x-axis, 8 |x-axis, 24 |x-axis, 6V2
length

Foci (=V'57,0)|(0, =V65) (0, =5)  [(0, £v26)
Distance

between [2V57 265 10 2126
foci

5. moﬁ+%—1mﬁ+%—1
2
iii) 2. E t29 = 1
b) i) Yes, if the y-axis is the major axis.
ii) No, the y-axis has to be the minor
axis because the one vertex is on the
X-axis.

iii) No, the x-axis has to be minor axis
and the y-axis has to be major axis
in order to satisfy the given intercept
and vertex.

6. a) Let P(x, y) be any point on the ellipse,
such that PF, + PF, = 20

V(x + 82+ 32 +(x — 8)2 + 32 =20

V(x + 82+ 32 =20 —(x — 8)> + )7

Square both sides.

(x +8)+)*=

(20— 87+ 7F

X2+ 16x + 64 + y* =

400 — 40y(x — 82 + )2 + (x — 82 + )2
X2+ 16x + 64 + )2 =

400 — 40\(x — 8)> + )2 +

x2 — 16x + 64 + y?

16x + 64 = 464 — 40\(x — 8)> + > — l6x
32x — 400 = —40y(x — 8)* + »?

4x =50 = —5\(x — 8)2 + )7

Square both sides.
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(4x — 50)2 = (=5\(x — 82 + )
16x2 — 400x + 2500 =

25 (x> — 16x + 64 + 1?)
16x2 — 400x + 2500 =

25x2 — 400x + 1600 + 25)?

9x2 + 25y% = 900
2

X2 Yo
100 " 36~ !
2 2
y _ 2
b) In-r5 100 36~ 1, a> = 100 and

b*=36,s0a = 10and b = 6. As well,

A=a-

—b% 50 ¢ = 100—36 or ¢* = 64.
This gives ¢ = *8.

2

2
00" 3% !
centre (0,0)
vertices (=10, 0) and (10, 0)
intercepts y=-6andy =06

major axis length

2a = 2(10) or 20

minor axis length

2b = 2(6) or 12

foci c==*8
distance 2(8) =
between foci ®) =

)

»
a)32 T
b) 27
Brer=!

Vertices 0, +9)
Intercepts X =42
Major axis and axis. 18
length J ’
Minor axis and . =
length x-axis, 8V2
Foci 0, =7)
Distance 14
between foci




¢)

8. a) Assume that the major axis is on the
x-axis, therefore, a = 5and b = 4.
Th1s glves a*> = 25and b* = 16.

+ i = 1 becomes
x2 y2
25 6= =1 o0r 16x> + 25y% = 400

b) To find the width of the pool at a point
on the major axis that is 2 m from the
centre, we substitute x = 2 into the
equation of the ellipse and solve for y.
We will then multiply this value by 2 to
find the width.

16x? + 25y% = 400
16(2)* + 25y = 400
16(4) + 25y* = 400
64 + 25y% = 400

252 = 400 — 64
25y = 336
> _ 336
Y =75
_ 336
25
y=3.7

9. a)e=0.69 b)e=090 ¢)e=0.38
d)ye=0.77

0. 20
+ 360"
11. a) (x — 2)2 v+ 3)2 .
it o9 =
Centre 2,-3)
Vertices 2,-3%x3)
Intercepts x=2x2
Major axis axis. 6
and length J ’
Minor axis axis. 4
and length Taxts,
Foci (2, -3 ++5)
Distance =
between foci 2V5

b)

4.3 The Hyperbola
1. a) Transverse axis and length: y-axis, 16;
Conjugate axis and length: x-axis, 8
b) Transverse axis and length: x-axis, 20;
Conjugate axis and length: y-axis, 18
¢) Transverse axis and length: x-axis, 4;
Conjugate axis and length: y-axis, 14
d) Transverse axis and length: y-axis, 12;
Conjugate axis and length: x-axis, 10
e) Transverse axis and length: y-axis, 4;
Conjugate axis and length: x-axis, 10
f) Transverse axis and length: x-axis, 5;
Conjugate axis and length: y-axis, 10

2. a)

b)
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d)

X2 )y 2 X2 )y 2 x2 )’2
V35 3% (9235 7|Des =
=-1 =-1 =1
Centre 0,0) 0,0) 0,0)
Vertices 0, =6) (0, £2) (£2.5,0)
Transverse axis . . .
and length y-axis, 12| y-axis, 4 Xx-axis, 5
Conjugate axis . . .
and length x-axis, 10 | x-axis, 10 | y-axis, 10
Foci (0, +V6T) | (0, +v29) | (=V31.25,0)
Distance
between foci V61 2V29 21/31.25
Asymptotes y= igx y== %x y==*2x
6.
G R N U RN ol P
81 4 |4 36 44 12119 5
=1 =1 =1 =1
Vertices (£9,0) (0, £6) (£12,0) [(0, =5)
Transverse
axis and x-axis, 18 |y-axis, 12 |x-axis, 24 |y-axis, 10
length
Conjugate
axis and y-axis, 16 |x-axis,4 |y-axis,22 |x-axis, 6
length
Foci (=145, 0) [0, +210) | (+:v265, 0) | (0, +V34)
Distance
between  [2v145  |4V10 2N265 2V34
foci
Asymptotes |y = igx y=3%3x |y= i%x y= i%x

€)
f)
2 y2 2 y2
3a)g 1= 135 =1
PSRN R G
©) 53 64 Fdgr—16= 1
XY
€375 9 - I 2
DI R
4. a7 9 =1 32“1
XY X2 Y
c)81“131“1 Do ~25=1
2y
@%—3—1
5.
2 )2 2 )2 2 2
D6t Wi § (97 H
=1 = =
Centre 0,0) (0, 0) 0,0)
Vertices 0, =8) (+10,0) (£2,0)
Transverse
axis and y-axis, 16 x-axis, 20 x-axis, 4
length
Conjugate
axis and x-axis, 8 y-axis, 18 y-axis, 14
length
Foci (0, +4V5) | (=VI81,0) | (+v33,0)
Distance —
between foci 8Vs 2v1gl 253
Asymptotes | y = *£2x y= t%x y= i%x
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7. a)Let P(x, y) be any point on the
hyperbola, such that | PF; — PF,| = 10

Vx4 67 )7 —x — 67 +)7 = 10
e I N ey e
Square both sides.

(x = 6 + 32 = (10 —(x + 67 + 7)°
x2— 12x + 36 + )2

=100 — 20y(x + 6)*> + »?

+ (x + 6)> + »?

x2—12x + 36 + )

=100 — 20y(x + 6)> + 7

+ x2+ 12x + 36 + )7

—12x =100 — 20y(x + 6 ) + > + 12x
20V(x + 6)> + y? = 24x + 100

5V(x + 6)> + 2 = 6x + 25

Square both sides.




25[(x + 6)% + 32 = (6x + 25)
25(x% + 12x + 36 + 3?)

= 36x2 + 300x + 625

25x% + 300x + 900 + 25y?

= 36x% + 300x + 625

9x% — 252 =275

9x2 257 _

275 275 !

Here a Zz—;ssoaz i@andbzz 11

b) 355 — 7= |

952  )*

= _— =1

275 11

Centre (0,0)

Vertices

(—@, 0) and (ﬂ, 0)

Transverse

. 10V1
axis and length | ¥X15 73

Conjugate axis | y-axis, 2V11
and length

3 >

Foci | ) (m 0)
b 3 9

Distance
between foci

2V374
3

y= igxsoy= i(\/ﬁ+@)x

ory= i%x

Asymptotes

|

b)
2 )
ER
Centre (0,0)
Vertices 0, *4)
Transverse axis axis. 8
and length yraxs,
Conjugate axis .
and length x-axis, 233
Foci 0, =7)
Distance 14
between foci
4
= 4+
Asymptotes y== mx
c)

9. Since the vertex is (V6, 0), then a = V6. As
well, if the curve passes through the point
(9, 5), substitute all of this into the equation.

2
x2 )

s !

URNNE

(V62 »

%—%lewmwwﬁ
81(6b%)  25(6b2)
o= = 16

811% — 150 = 652
75b2 = 150

b =2

2 2
Therefore, the equation is % - yj =1.

10.a)e =134 b)e=1.05 ¢)e =1.36

d)ye=1.17
X2 yz_
11.1—6—2—0—1
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12.

13.

(x—2)2_(y+3)2_1
4 9
Centre 2, -3)
Vertices 2=*2,-3)
Transverse axis and .
x-axis, 4

length

Conjugate axis and length | y-axis, 6

Foci 2+ 13, -3)

Distance between foci W13

Asymptotes = i%(x -2)—3

x=1* -3
90 45
7

1

Practice Exam

1.
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i) a) 6 b) extends from quadrant 2 to 1
¢) —1 (order 1), 1 (order 1), —0.867
(order 1), 1.867 (order 1)

ii) a) 8 b) extends from quadrant 2 to 1
¢) 4 (order 3), 2 (order 2), —11 (order 2),
—2 (order 1)

Answers may vary. Sample answer:

f(x)==5(x+172(x-1)

1
a)f(x) = E(x + 52 (x + 3)(x —2)
shape suggests a polynomial function;
extends from quadrant 2 to quadrant 1,

therefore polynomial of even degree with

positive coefficient; zeros: —5 (order 2),

—3 (order 1); 2 (order 1); y-intercept: —7.5

b) f(x) = (2x+1)2; shape suggests a

reciprocal of a quadratic function;
vertical asymptote: x = %; horizontal
asymptote: y = 0; y-intercept: 3

X

o) f(x)= m; shape suggests
a reciprocal of a quadratic function;
vertical asymptotes: x = %, x=3;
horizontal asymptote: y = 0; y-intercept:
—é; minimum of the parabolic part
(middle branch) is at point (2, 1)

—V2 =x=V2orx=-3orx=3
a)

b) quartic c) i) fourth (degree is 4) ii) 0.07
(fourth difference is a constant)
iii) 0.003 (4" difference = leading
coefficient X 4 X 3 X2 X 1) d) f(x) =
0.003x* — 0.023x3 + 0.114x2 +
0.013x + 9.11

e) find the zeros f) never

. 2) $468.20 b) 1087.27 ¢) 1076.87; total

value of investments, 7, at the point when
the interest rate, x, reaches the average
annual rate (6.25%) plus one

. 37.8cm X 52.8 cm

—4+ 27

. a)x=4 x= 3

b) x =2, x = —1.582, x = 0.277,
x = 1.306

. i) a) no x-intercept, y-intercept: %

b) vertical asymptote: x = 2, horizontal
asymptote: y = 0, no oblique asymptote
¢) domain: {x € R, x # 2},
range: {y € R,y # 0}



d)

ii) a) x-intercept: %, y-intercept: —3
b) vertical asymptote: x = — %,
horizontal asymptote: y = 2, no
oblique asymptote
¢) domain: {x € R, x # _§}=
range: {y e R,y # 2}
d)

iii) a) x-intercept: —3, y-intercept: —é
b) vertical asymptotes: x = —9, x = 3,
horizontal asymptote: y = 0, no
oblique asymptote
¢) domain: {x € R, x # =9, x # 3},
range: {y € R, y # 0}

d)

10.a)x5%orx>4 ~t—t—F——1+—>
1 2 3 4 N

h)5<x<8§ =<—F+—¢—+—+——+>
4 5 6 7 8 9
11.r=159cm 12.28.9 cm?

13.

0 sinf | cosf | tanO | csc O | secd | cot O
wiz| B L E] 2L
o 2F —55 _Q% 1| va|—va| 1
o | oo e A e

14. a) 0.959 4 (apply addition formula for cosine)
b) 0.989 8 (apply cofunction identity)

15. /(x) = 3sin B(x - %’)]
16. Answers may vary.

17. a) —g b5 90 d) —

18.f(x) = — cos 4 (x+ )] +3

19. a)

b) i) amplitude changes to 4

ii) period changes to 2T7T
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iii) vertical translation of 5 units up

iv) phase shift of 2 units to the right

20.a)2 b) g ©) % to the right d) 1 unit up
e)

21.2) 37 1) 0, %2, 27 ) 0.564, 5.075

22.a)

b) Answers may vary. For example:
y = 3.555sin[0.017(x —105.75)] +
12.275

¢)

The model does not fit well. It is shifted

too much to the right; therefore the
phase shift needs to be adjusted.
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d) y = 3.867 sin[0.017(x — 81.070)] +
12.169

The regression equation is a much
better fit than the model from part b)

e) 30%

23.a)
x y=3
) %
-1 %
0 1
3 i
1 3
2 9
3 27
b)
©)

U3 DT 2201
25.2)2.77 b) 3
26. a) $35 000 b) approximately 3.1 years

27.2) 88.4 dB b) 3.98 X 100 W/m?



2.2 b)1 o -1
29. a) 1.40 b) 3.57 ¢)2.72 d) 3.83 e) —3.58
f)0.45
30.2)191h b)2.7h
31. a) log(x — 4), x > 4 b) log(64x%), x > 0
2x% + 3xy + 4)?
i , x>0,

¢)log

2x2+3xy + 42 >0
32.2)4 b)21 ¢)3
33. a) P(¢) = 48 000(1.09)" b) 12.7 years
¢) approximately 3.9 years
3.2)y=3"+1+3x>+ 9x

domain: {x € R},
range: {y € R,y = —5.561}

b) y =3+ 1+ 3x2 + 6x

domain: {x € R},
range: {y € R,y = —1.677}

©)y = 9x3 + 27x?

domain: {x € R}, range: {y € R}

d)y=x+3

domain: {x € R, x # 0},
range: {y € R,y # 3}
35.a) 2.29572 + 66.6¢ + 153
b) 1668 connections / week

36. a) straight line with slope 2, x-intercept %,
and y-intercept — I; neither b) continuous
wave with constant frequency and
amplitude; odd c¢) continuous wave with
constant frequency and variable amplitude

d)

e) domain: {x € R}, range: {y € R}
37.a)

3 —+37

b) <x<20rx>3+ 37
2 2
38.2) f(g(x) = L V4 — 6x2, —2 < x <2
. éV6 V6

domain: {x e R, ——<«x <l},

Vo T
range: {y € R, y >0}
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1
b) g((x)) = —7.x>3
domain: {x € R, x > 3},
range: {y € R,y >0}
39. a) 19 600

b)

Initially a poor team, winning only 4 of
the 14 games in the first season, then
becomes a good team after 4 years,
then becomes poor again.

¢) 0 = ¢ < 9 starts in 2009, number of
wins cannot be less than 0 d) No.
N(W(4)) = 48 400 e) It will make team
better right away, so would move vertex
to the left. f) It will make team better
in 4 years, so would move vertex up.
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