
Planning Notes
In this chapter, students develop an understanding of 
the connection between angles in standard position and 
the unit circle. They then extend this understanding and 
develop a tool (unit circle) and methodology to solve 
linear and quadratic trigonometric equations. Help 
students appreciate that angles in standard position are 
not always static; they can be considered to be dynamic, 
and when in motion they produce cyclic relationships.

Consider having a discussion of space, location, and 
way-fi nding, and how these concepts relate to geometry 
and trigonometry. We use many of the concepts from 
trigonometry informally when we navigate without 
the use of technology. In fact, some Inuit elders have 
expressed concern that their youth are losing the ability 
to navigate the land without such technologies as GPS. 
Discuss some of the pros and cons of using technology 
for way-fi nding.

Discuss with students the benefi ts of keeping a 
summary of what they are learning in the chapter. 
Students may have used different types of graphic 
organizers. Ask students which one(s) might be useful 
in this chapter. Encourage students to use a summary 
method of their choice.

Unit Project

In the Project Corner at the end of section 4.3, students 
are introduced to historical facts about different aspects 
of angular measurement. They are asked to consider 
different units of measure for angles, the advantages and 
disadvantages of using these, and the careers and contexts 
in which they might be used. In the project wrap-up 
at the end of the unit, students may choose to extend 
this knowledge by researching the history, usage, and 
relationship of types of units of angular measurement.

Meeting Student Needs
• Consider having students complete the questions on 

BLM 4-1 Chapter 4 Prerequisite Skills to activate 
the prerequisite skills for this chapter.

• Hand out to students BLM U2-1 Unit 2 Project 
Checklist, which provides a list of all the 
requirements for the Unit 2 Project.

• Provide students with a checklist containing the 
learning outcomes for this unit. Discuss specifi c terms. 
Develop a sense of understanding of what they need to 
learn by the end of the unit.

• Discuss the Key Terms. Students may wish to create a 
word wall for the chapter or create a list of key terms 
and defi nitions in their notebook. Consider having 
students work in pairs to discuss what they believe the 
terms mean. They can check their predictions as they 
work through the chapter.

• Students could research the use of trigonometry in the 
recording of music.

• Whenever possible, use animations and interactive 
activities, such as those listed in the chapter planning 
chart. There are many videos and interactive tools 
on the Internet that provide instruction about 
trigonometric concepts.

Gifted
Ask students to consider the statement from the 
chapter opener, “In order to analyse these repeating, 
cyclical patterns, you need to move from using ratios 
in triangles to using circular functions to approach 
trigonometry.” Have them hypothesize what this means 
and why there is a need for such a change in approach.

Pre-Calculus 12, pages 164–165

Suggested Timing
30–45 min

Blackline Masters
BLM 4–1 Chapter 4 Prerequisite Skills
BLM U2–1 Unit 2 Project Checklist

Trigonometry and the Unit Circle Opener
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Career Link

Discuss with students what they know about collision investigation:
• Why is collision investigation needed?
• Who would conduct this type of investigation?
• What type of information might be considered? What types of 

skills would be needed to work with this type of information?

Suggest that students go online to research careers related to 
collision investigation and the qualifi cations for these careers.
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4.1 Angles and Angle Measure

Planning Notes
Read the Focus on… bullets as a class. Ask
• What does it mean for angles to be in standard 

position? How will your understanding of this concept 
be helpful when sketching angles greater than 360°?

• What does the term negative angle mean?

As you read through the Focus on… bullets, ask students 
to identify terms with which they are unfamiliar, and to 
share their predictions on what the terms might mean. 
Ask students to share any other ideas that they have 
learned in previous courses that may relate to concepts 
involving angular measure listed in the Focus on… points.

Investigate Angle Measure
The Investigate helps students develop a concrete 
understanding of radian measure. If you do not have 
room in your class for students to draw circles with 
a radius of 1 m, consider doing the Investigate on a 
smaller, desktop scale.

Before beginning the investigation, ask students which 
element of a circle a radian might be related to. If 
students are having diffi culty, ask
• How is the formula for the circumference a circle 

related to radius?
• What is the approximate value of 2π? How does this 

value relate to the number of radii you found that fi t 
on the circumference of your circle?

• How many degrees are there in a circle? If ∠AOB 
was exactly 60°, how many A�B would there be in 
the circumference? What does this tell you about 
the measure of ∠AOB that you found?

• Use the circumference formula to fi nd the value for r. 
How does this relate to the measure of a radian?

• How could you use what you have learned in this 
investigation to estimate the circumference of a 
circle if you know the radius? (It is a about six and 
a quarter r.)

Meeting Student Needs
• Before beginning the Investigate, discuss the 

outcome(s) and achievement indicators for this 
section. Encourage students to develop a list of the 
terms and defi nitions found within this section.

• Consider creating a collage of pictures, or have the 
class create one that illustrates where angles can be 
found in nature and in construction. The collage could 
include the dorsal fi n of a shark, which is triangular, 
the honeycombs in a beehive, etc. Ask students to 
suggest other places that angles exist naturally or in 
human constructions.

• When working on the Investigate, encourage at least 
two students of different sizes to work through steps 2 
and 3 to illustrate that the relationship is the same. The 
answer is not dependent upon the unit of measure.

• If possible, keep one of the circles on the fl oor for future 
reference. You might even consider dividing it into 
fractional parts using different coloured painters’ tape.

Pre-Calculus 12, pages 166–179

Suggested Timing
90–120 min

Materials
• masking tape
• sidewalk chalk
• string
• measuring tape
• grid paper (optional)
• compass (optional)
• protractor (optional)
• ruler

Blackline Masters
Master 3 Centimetre Grid Paper
BLM 4–2 Section 4.1 Extra Practice
BLM 4–4 The Unit Circle

Mathematical Processes for Specifi c Outcomes
T1 Demonstrate an understanding of angles in standard 

position, expressed in degrees and radians.

 Connections (CN)

 Mental Math and Estimation (ME)

 Reasoning (R)

 Visualization (V)

Category Question Numbers

Essential (minimum questions 
to cover the outcomes)

#1–4, 6–9, 11, 12, 14, 18

Typical #1–3, 5–9, 11–14, one of 15 or 16, 
17, 18, 21, C1–C5

Extension/Enrichment #10, 13, 17, two of 19–23, 24–27, 
C4, C5

✓

✓

✓

✓
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Answers

Investigate Angle Measure

3. a bit more than six

4.   circumference
 ___ 

radius
   =   2πr

 _ r   = 2π ≈ 6.28

5. Less than 60°, since a circle has 360° and there are more than 6 radii 

 on the circumference of a circle:   
360°

 _ 6+
   < 60°.

6.    360°
 _ 2π

   ≈ 57.3°

7. The number of radii that lie on the circumference remains the same. 

 In the general case, since the ratio of circumference to radius is   2πr
 _ r   

 and the r’s cancel out, the size of the radius does not affect the size 
of the ratio.

Assessment Supporting Learning

Assessment as Learning

Refl ect and Respond 
Have students complete the Refl ect and 
Respond questions. Listen as students 
discuss what they learned during the 
Investigate. Encourage them to generalize 
and reach a conclusion about their fi ndings.

• Encourage students to estimate the size of their angle before measuring.
• For the Investigate, you may wish to have groups construct circles of diff erent sizes, 

rather than having all groups use circles of the same radius. This would allow for a 
greater discussion of the last Refl ect and Respond question. Alternatively, you could 
have groups rotate through stations, with each station having a circle of a diff erent size. 
The groups could then reach their own conclusions.

Example 1
This example demonstrates a number of ways to 
convert degrees to radian measure and vice versa. 
Discuss the three given techniques with your class:

1. Unitary method, where 1° =   π
 

_ 180   or 1 radian =   
180°

 _ π  .

2. Proportional method, where students set up a 

 ratio such as   D _ R   =   
180

 _ 
π

   or   R _ D   =   π
 

_ 180  .

3. Unit Analysis method, where students set up a 
product to eliminate the given measure, and then 
determine the other degree measure. To eliminate 

 radians they use x radian  (  
180°

 __ 
π radian

  ) . For degrees, 

 they should use x° (  π
 

_ 180°  ) 

Suggest that students try each of the given methods 
at least once when doing the Your Turn questions. 
Ask them to choose their favourite technique and 
share why they prefer this method.

To help students understand radian measure, have them 
draw a circle or provide one for them (consider handing 
out BLM 4–4 The Unit Circle). Ask students to consider 
that π ends at 180°, and have them label it on the circle. 
Then, ask students to divide π (180°) into six equal parts.

Ask, “How much is one part?”  (  1 _ 6  π or   π 
_ 6  )  Have students

use one colour to draw the six lines and label them 0π,

  1 _ 6  π,   2 _ 6  π,   
3
 _ 6  π,   4 _ 6  π,   

5
 _ 6  π, and   

6
 _ 6  π. The degree measures

can also be labelled   π 
_ 6   =   

180°
 _ 6   = 30°, etc. 

Ask students to work through the same process dividing 
π fi rst into four equal parts, and then three equal parts. 
Use a different colour for each set of lines and labels. 
Ask students to note any similarities and overlaps.

Have students extend this process into the second π 
(bottom half of the circle). When the circle is complete, 
students will have developed a tool to better understand 
radian and degree measurements, and the relationship

between   π 
_ 6   = 30°,   π 

_ 4   = 45°, and   π 
_ 3   = 60°.

Example 2
Before exploring this example, encourage students 
to share their understanding of angles in standard 
position on the coordinate plane. Ensure that students 
understand the terms initial arm, terminal arm, 
positive rotation, negative rotation, and coordinate 
plane quadrants. Students will need to understand 
what coterminal angles and reference angles are and 
how to determine them.

Remind students that to add   
8π

 
_ 3   and 2πn, they must 

fi nd a common denominator:

  
8π

 
_ 3   + 2πn =   

8π
 

_ 3   +   
6πn

 _ 3  

 =   
2π(4 + 3n)

 __ 
3
  

Some students may require coaching on how to 
translate 2π into a radian measure with a denominator 
other than 1. A quick rule to show them is to multiply 

2π by 1 in the form   
desired denominator

  ___  
desired denominator

  : 2π (  
3
 _ 3  )  =   

6π
 

_ 3  .

Example 3
Some students may need help with the general form. 
Discuss why n is multiplied by 360° in the expression 
110° ± (360°)n, and why n must be a natural number. 
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Students may need to revisit the concept of a solution 
domain. Ask:
• How many angles are coterminal with angle 110°? 

What have we effectively done to the number of 
possible coterminal angles when we stipulate a 
domain for the solution?

• How many possible coterminal angles are there in a 
domain of -720° ≤ θ < 720°? What is the smallest 
possible angle that is coterminal with 110° in this 
domain? the largest?

• How can you use the general solution to fi nd all 
coterminal angles greater than 110° and smaller
than 720°? Can you use a similar method to fi nd 
all coterminal angles greater than -720° and less 
than 110°?

Draw students’ attention to the effectiveness of a table 
when solving these types of problems.

Example 4
Before moving on to Example 4, be sure that students 
understand the terms subtend, arc, and central angle. 
Students may also better understand the ratios and 
relationships outlined in the student resource if they 
develop the formula for themselves. Suggest that they 
construct a fi gure showing concentric circles, similar 
to the one on page 173. They might use one colour 
to draw A�B and label radius 1 and arc length x, and a 
second colour to draw C�D and label radius r and arc 
length a. They can then use these two colours when 
writing out the ratios. This will help relate the parts 
of the ratios to the diagram.

Have students answer one of the Your Turn questions 
using the proportion method and answer another using 
the arc length formula. Ask each student to share with 
you or another student which method they prefer and why.

Meeting Student Needs
• Suggest that students record their own summary of 

the Key Ideas, including examples, and then store the 
summary for each section in the same location.

• You may want to have students work in pairs. Have 
students attempt the question before discussing it as a 
class. They will have a greater interest in the solution 
after they try to develop their own answer.

• Suggest students complete the Your Turn questions, and 
compare their solutions with those of other students.

• Create dominoes (fl ash cards) to practise matching 
coterminal angles. Ensure that both degree and radian 
measures are used.

• Provide students with circles of various radii. Ensure 
that the centres are clearly marked. Instruct them to

 create a   1 _ 4  π central angle. Ask them to measure the

 radius and then use string to measure the length of 
the arc. They can then compare the length of the arc 
with the length of the radius multiplied by the central 
angle. Have them repeat this process in a circle with 
a different radius. Ask them what they notice.

Common Errors
• Students often confuse when to multiply by   π

 
_ 180  

 or   
180

 _ 
π

   when converting from one system of measure

 to another.

Rx Point out to students that a radian measure has a 
π value and a degree measure does not. To convert 
a radian measure to degrees, students must apply a 
mathematical operation that gets rid of the π value; 

 that is, multiply by   
180

 _ π   so that the π values cancel. 
 Conversely, to write a radian measure, multiply by 

   π
 

_ 
180

   to introduce the π value.

• Students often improperly set up a proportion that 
compares ratios of radians to degrees, and π to 180°.

Rx Have students get in the habit of writing a 

 proportional relationship similar to   R _ D   =   π
 

_ 180  , 

 or   D _ R   =   
180

 _ 
π

  , with the fi rst ratio having the 

 unknown measure in its numerator and the known 
value in its denominator.

• Students may forget to use the correct format or generate 
answers outside of a given domain when solving for 
angular solutions written in the general case.

Rx Have students correct their work after each question, 
making sure that they use a format exactly the same 
as that shown in the answer provided. Remind them 
to make sure that their answers lie within the given 
domain if one is given in the question.
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Answers

Example 1: Your Turn
a)  b) 

   
-3π

 
_ 2  ; -4.71 radians    

5π
 

_ 6  ; 2.62 radians

c)  d) 

 210°    
-216°

 __ π  ; -68.75°

Example 2: Your Turn
Example:

a) 630° and -90°

b)   3π
 

_ 4   and -  13π
 

_ 
4
  

c) 20° and -340°

Example 3: Your Turn
a) 220° ± 360°n, n � N; 220°, -140°

b) 290° ± 360°n, n � N; 290°, -70°

c)   π 
_ 4   ± 2πn, n � N;   π 

_ 4  , -  7π
 

_ 
4
   

Example 4: Your Turn
a) 11.4 cm

b) 2.6 mm

c) 2.6

-270°

y

x0

150°

y

x0

y

x0

7π

6

y

x0
-1.2

Assessment Supporting Learning

Assessment for Learning

Example 1
Have students do the Your Turn 
related to Example 1.

• You may wish to have students work in pairs.
• Encourage students to select one method with which they feel comfortable.
• Review how a negative sign aff ects an angle measure with regard to direction of rotation.

Example 2
Have students do the Your Turn 
related to Example 2.

• You may wish to have students work in pairs.
• Review that multiple rotations around the circle are multiples of 360°, both positive and 

negative.

Example 3
Have students do the Your Turn 
related to Example 3.

• You may wish to have students work in pairs.
• Ensure students have a good understanding of the value of n in the general form before 

asking them to complete the Your Turn questions.

Example 4
Have students do the Your Turn 
related to Example 4.

• You may wish to have students work in pairs.
• Encourage students to select one method with which they feel comfortable.

Check Your Understanding
Help students start #14b) by suggesting that they draw a 
circle and sketch a sector on the circle. Remind students 
of the formula for the area of a circle. Ask, “If you let 
the sector area be represented by As, can you write a 

ratio of sector area to circle area?”  (  
As

 _ 
πr2  )  Then discuss 

how students might write the ratio of the sector angle in 

radians.  (  
  
5π

 
_ 3  

 _ 2π
  )  Then, help students set up a proportion 

to solve for the sector area:   
Asector

 _ Acircle
   =   

θsector
 _ 

θcircle
  .

For #17, you may need to remind students how to 
convert revolutions to degrees, degrees to radians, 
and revolutions to radians.

If students are having diffi culty with #18, suggest that 
they consider the similarities and differences between 
Joran’s and Jasmine’s answer? Ask, “What is the 
difference between n � I and k � N? Keeping that 
in mind, why does Joran describe his answer as 
78° + (360°)n and Jasmine as 78° ± k(360°)?”

For #19c) ask students how many gradians are in a 
right angle. How might this be related to the metric 
measurement?
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For #21a), discuss with students that they will have to 
convert kilometres to metres and hours to minutes. Ask, 
“Can you use a unit analysis method to change km/h 
to m/min?” To complete this question, some students 
may also have to revisit the relationship of radius to 
diameter. If students are having diffi culty, ask
• What is the circumference of the wheel expressed 

as an exact value?
• Given the speed of the wheel in m/min and the 

circumference in m, how can you determine the 
number of revolutions the wheel makes per minute?

• How can we use this information to determine how 
many radians per minute the wheel turns?

In #22, some students may need to revisit the relationship 
of diameter to circumference and how the circumference 
is related to the distance the wheel turns in one 
revolution. Once they determine how far the wheel 
turns in 15 revolutions, some students may require 
prompting to make the conversion from m/min to km/h. 
Suggest that students share their ideas with a partner.

Students may fi nd it helpful to sketch a diagram of a 
circle in #26, showing a sector and a segment subtended 
by the same two points on the circle. Ask
• Can you fi nd the area of the sector by comparing 

the ratio of sector area to circle area, and the ratio 
of sector angle to angle of a circle?

• What circular angle measure should you use, degrees 
or radians?

• Can you fi nd the area of the triangle determined by 
the radii and the chord?

Guide students in how they can use a trigonometric ratio 
to fi nd the height of the triangle (h = r sin θ), and to 
realize that the base of the triangle is r. They can then 
substitute into the formula for the area of a triangle, 

A =   1 _ 2  bh.

Meeting Student Needs
• Provide BLM 4-2 Section 4.1 Extra Practice to 

students who would benefi t from more practice.
• Students should complete the checklist of understanding 

provided in the opener. Doing so will guide them 
when deciding which questions they need to practise 
to gain a deeper understanding of the outcomes for 
this section.

• Students could create an example to represent each 
outcome listed in the Key Ideas. 

• Students could research various applications of angular 
velocity to gain a better understanding of the concept.

Enrichment
Some students may be interested in designing a 
GeoGebra applet for #27. This applet would display 
degrees and radians of the angle formed when a user 
moves the minute hand around the face of a clock. 
Some students might take it even further and do the 
same for the hour hand.

Gifted
Ask students to consider the unitary, proportion, and 
unit analysis methods. Suggest that they create a table 
that outlines the advantages and disadvantages of each 
of these methods, and to provide an example of where 
each might be used.

Assessment Supporting Learning

Assessment for Learning

Practise and Apply
Have students do #1–4, 6–9, 11, 12, 14 
and 18. Students who have no problems 
with these questions can go on to the 
remaining questions.

• Allow students to use the circles they constructed on the fl oor to complete the 
questions. Alternatively, they could draw a smaller version of the circle in their 
notebook, labelling the direction of the angles with a “+ arrow” and a “- arrow.” 
Help them see the relationship between the Investigate and the questions.

• You may wish to have some of the coaching tips from the Examples posted on the 
wall for students who need extra support in the conversions for #2–4.

• Coach students in verbalizing the meaning of angles in standard position and how to 
tell whether an angle refl ects more than one revolution. Ensure students have a clear 
understanding of these concepts before working on #8, 9, and 11.

• Encourage students to draw and label a diagram for #14. 

Assessment as Learning

Create Connections
Have all students complete C1–C3.

• C1 ensures that students understand the purpose behind the Investigate. Have them 
refer back to their responses to the investigation if they are having diffi  culties with this 
question. Ask them to verbalize the similarities between the Investigate and this question.

• Encourage students to use diagrams for C2. Students should clearly understand this 
question before proceeding. Their communication should be clear, and it should fi rmly 
establish that they understand the diff erences.

• You may wish to revisit the term reference angle before students begin C3.



4.2
Pre-Calculus 12, pages 180–190

Suggested Timing
90–120 min

Materials
• can or other cylinder
• scissors
• tape
• grid paper
• compass
• straight edge
• protractor
• ruler

Blackline Masters
Master 3 Centimetre Grid Paper
BLM 4–3 Section 4.2 Extra Practice
BLM 4–4 The Unit Circle

Mathematical Processes for Specifi c Outcomes
T2 Develop and apply the equation of the unit circle.

 Connections (CN)

 Reasoning (R)

 Visualization (V)

The Unit Circle

Investigate Circular Number Lines
The Investigate should help students develop an 
intuitive understanding of the relative sizes of exact 
radian measures when placed on the coordinate plane.

For step 3, suggest that students fold the strip of paper 
in half three times to create eight equal subdivisions 
and label as fractional values of π. They could use a 
similar folding strategy in step 7.

In step 5, you might suggest that students make a mark 
on the circle to represent each of the divisions of the 
number line. You might also ask students to share how 
they found the centre of the circle (e.g., use a compass 
and a straight edge to draw the perpendicular bisectors 
of any two non-parallel chords of the circle. The point 
of intersection of the two bisectors is the centre of the 
circle.) Once the centre of the circle is determined, have 
students draw a horizontal line to represent the x-axis and 
a vertical line to represent the y-axis.

In step 6, ask the class how they could generalize 
their fi ndings.

In step 10, instruct students to construct a perpendicular 
line from the point P to the positive x-axis. Ask, “What 
type of triangle is this? (isosceles) What does this tell 
you about the measures of the angles?”

Meeting Student Needs
• Discuss the outcome(s) and achievement indicators 

for this section. Encourage students to develop a list 
of the terms and defi nitions found in this section.

• Before beginning the Investigate, ask students what 
patterns they notice in the circle developed in the 
previous section. For example, guide them to see that 
the 60° angle is refl ected through the x-axis and y-axis.

• In the Investigate, students could sketch the two 
reference triangles on a sheet of paper with the right 
angle in the bottom, right corner. They could label 
the lengths of the sides and then reduce the sides 
proportionately so that the hypotenuse has a value 
of 1. For example, in the 30°-60°-90° triangle, the
opposite sides, respectively, are 1,   √ 
 3  , and 2.

By dividing by 2, they will now have   1 _ 2  ,   
  √ 
 3  

 _ 2  , and 1.

Suggest that they repeat this process for the 45°- 45°-90° 
triangle.

• Some student may need to be reminded how to 

simplify points. For example,  (  4π
 

_ 12   =   π 
_ 3  ) .

Planning Notes
This section develops students’ understanding of 
relative measures of exact angles as drawn on the 
coordinate plane. While developing this understanding, 
students produce a model of the unit circle, a useful 
tool in solving trigonometric equations.

The section begins with an introduction to the difference 
between linear and circular gauges. If possible, bring a 
linear and a circular tire gauge to class. Invite students 
to use the two gauges to measure the tire pressure 
of a bicycle or automobile tire. Ask, “What are the 
advantages and disadvantages of each type of gauge?” 
As a class, discuss what other types of circular items 
or cyclical events students can think of (e.g., analogue 
clocks, ocean tides, etc.).

✓

✓

✓

Category Question Numbers

Essential (minimum questions 
to cover the outcomes)

#1, 2, 3a)–d), 4–6, 9,11, 13

Typical #1c), d), 2, 3c)–f ), 4–9, 13, C1–C3

Extension/Enrichment one of 15–17, 18–20, C2, C4

4.2 The Unit Circle  • MHR 97
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Common Errors
• When creating the right triangle, some students draw 

a line horizontally to the y-axis, instead of vertically 
to the x-axis.

Rx Suggest students think of construction workers 
constructing the triangles. When the angle is in 
quadrant I or II, a worker climbs the terminal arm 
and drops a line to coworkers on the ground (x-axis). 
When the terminal arm is in quadrant III or IV, the 
worker scales down the arm, and coworkers drop a 
line down to the worker on the arm.

• Student often forget to reduce fractions to lowest terms.

Rx When discussing the Investigate with the class, ask 
students to share their answers in reduced form. 
Meet with any students who experienced diffi culty 
reducing exact-value fractions correctly.

• Student sometimes list positive angles for clockwise 
motion.

Rx This can occur when students place their number line 
upside down or backward. Discuss beforehand what 
the implications of misaligning the number line might 
be. Then circulate between groups to make sure that 
number lines are taped to the cylinder correctly.

Answers

Investigate Circular Number Lines

 2. 2π

 3. π;   1 _ 2  π

 8. The assumption is that the radius is 1.

 9. a) Yes. Since a circle has a radian angle measure of 2π,   1 _ 4   of 2π is 

     2π
 

_ 4   =   π 
_ 2  .

  b) Yes. Since there are 8 subdivisions, each subdivision has a 

   measure of   2π
 

_ 8   =   π 
_ 4  .

 10. 

  Draw a vertical line to the x-axis from the point on the circle at 

    π 
_ 4  . This forms a right angle triangle with a hypotenuse of 1 and a

  vertex angle of   π 
_ 4  , or 45°. Since this triangle has two equal angles

  of 45°, the opposite sides (base and height) are equal. Using the 
Pythagorean relationship,

   a2 + b2 = c2

   a2 + a2 = (1)2

   2a2 = 1

   a2 =   1 _ 2  

   a = ± √ 



   1 _ 2    

   a = ±  1 _ 
  √ 
 2  

  

  Since the point P (  π 
_ 4  )  is in quadrant I, the x- and y-values are 

  positive, so P (  π 
_ 4  )  =  (  1

 _ 
  √ 
 2  

  ,   1
 _ 

  √ 
 2  
  ) .

  The only difference between the points midway between axes is the 
sign of one or both of the coordinates:

• P (  
3π

 
_ 4  )  is in quadrant II, so the x-value is negative and the y-value 

 is positive: P (  
3π

 
_ 4  )  =  (  -1

 _ 
  √ 
 2  

  ,   1
 _ 

  √ 
 2  
  ) .

• P (  
5π

 
_ 4  )  is in quadrant III, so the x-value and y-value are both negative:

 P (  
5π

 
_ 4  )  =  (-  1 _ 

  √ 
 2  
  , -  1 _ 

  √ 
 2  
  ) .

• P (  
7π

 
_ 4  )  is in quadrant IV, so the x-value is positive and the y-value 

 is negative: P (  
7π

 
_ 4  )  =  (  1

 _ 
  √ 
 2  

  , -  1 _ 
  √ 
 2  

  ) .

y

y

x0

1

π

4

Assessment Supporting Learning

Assessment as Learning

Refl ect and Respond 
Have students complete the Refl ect and 
Respond questions. Listen as students 
discuss what they learned during the 
Investigate. Encourage them to generalize 
and reach a conclusion about their fi ndings.

• You may wish to have students work in pairs for this activity.
• The response to #8 sets up the remainder of the questions, so ensure that students’ 

thinking is correct for this question before having them continue to #9 and 10.
• Students may need coaching for the ratios of the sides of a 45°-45°-90° triangle before
 linking it to the coordinates of   π 

_ 4  . As a class, ensure that students have correctly
 identifi ed that the number values of the coordinates in each quadrant are the same, 

but the signs vary. This understanding is important for students to understand the 
unit circle and the patterning that is involved.



Example 1
If students are struggling with this example or the Your 
Turn questions, ask
• What general formula did you discover for the 

equation of any circle centred at the origin?
• Which variable represents the radius of the circle? What 

value will you use to replace r when the radius is 2?

Example 2
Before students work through this Example, ensure that 
they are clear about the general equation for any circle 
centred on the origin.

If students need guidance for part a), ask them to 
identify which variable is given, which is missing, and 
how they can solve for the missing variable. Some 
students may need to reactivate their knowledge of 
solving equations involving square roots, and the fact 
that there are two possible answers when taking the 
square root of a real number.

It may help some students to represent these concepts 
visually. Have students sketch a unit circle. (Consider 
handing out BLM 4–4 The Unit Circle.) Ask
• How many points lie on the unit circle where the 

 x-coordinate is +   2 _ 3  ?

• Given a unit circle on the coordinate plane, in which 
quadrants do the points lie?

For part b), have a similar discussion about the number 
of points on the unit circle that have a y-coordinate of

-  1 _ 
  √ 
 2  

  . Suggest students use their sketch of the unit 

circle to answer. Then ask how many points on the 

unit circle have a y-coordinate of -  1 _ 
  √ 
 2  

   and lie in 

quadrant III. Ask, “Is the x-coordinate positive or 
negative in quadrant III?”

Example 3
To assist students with part a), work as a class to 
identify the multiples of   π 

_ 3   between 0 and 2π radians. 

You could also discuss this concept using the idea of 

“cutting” pi into equal parts:   1 _ 3  π,   2 _ 3  π,   
3
 _ 3  π,   4 _ 3  π,   

5
 _ 3  π,   

6
 _ 3  π. 

Do this for   1 _ 4   and   1 _ 6   as well. Ask, “In which quadrants

does each of the angles lie?” Consider creating a table 
during this discussion.

Suggest that students sketch the right triangle. Then 
help students relate this triangle to the unit circle, asking 
them to label the side lengths with the hypotenuse equal 
to 1. Ask
• What is the coordinate of the point of intersection of 

the terminal arm and the unit circle for a central angle
 of   π 

_ 3   radians?

• What are the coordinates of the intersection between 
the terminal arm and the unit circle for all multiples 

 of   π 
_ 3   from 0 to 2π rads?

• Connect the angles of rotation and endpoints on the 
unit circle using the format P(θ) = (x, y).

Consider having students discuss part c) as a class or in 
small groups.

Meeting Student Needs
• Have students record their own summary of the 

Key Ideas, including examples. Have them store the 
summary for each section in the same location for 
review purposes.

• Ask students to attempt the Examples in pairs before 
discussing them as a class.

• Students can refer to the circle created in section 
4.1, which contains the multiples of the 30°, 45°, 
and 60° angles in the four quadrants. They can use 
the reference triangles created in the section 4.2 
Investigate to label the points on the unit circle. 

• Providing triangles on transparency paper allows 
students to manipulate the transformations for all 
four quadrants. The length of the sides will be visible 
through the transparency paper.

• For Example 3, some students may need help to 
recall the side ratios for a 30°-60°-90° triangle. Help 
them create these ratios and ask them to write the 
trigonometric ratios for sin θ, cos θ, and tan θ. Repeat 
this exercise with a 45°-45°-90° triangle.

• In a corner of each quadrant, students may wish to 
draw a reminder of the signs for the x-coordinate and 
y-coordinate: quadrant I (+, +), quadrant II (-, +), 
quadrant III (-, -), quadrant IV (+, -).

• If the fl oor circle created in section 4.1 is still available, 
students may wish to use masking tape to label the 
points on the circumference of the circle. Include the 
coordinates of the signs as listed in the previous point.

Common Errors
• Some students forget that when using the Pythagorean 

relationship, they must square the radius to fi nd the 
length of the sides for the fi nal answer.

Rx Suggest that students write out the formula 
a2 + b2 = c2 and then the subsequent numerical 
substitution into this equation).

• Students often use degree measures instead of radian 
measures when fi nding the arc length of a sector.

Rx Discuss why radian measures represent real number 
values for angles but degree measures do not. Ask 
students to try solving for arc length using both 
degree and radian measures for the central angle, 
and to discuss why the answers differ.
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y

x

II

0

Check Your Understanding
Suggest that students use the unit circle they constructed 
in Example 3 as a visual reference to answer #4 to 6 
and later questions in the question sets.

It is best in #8, the Mini Lab, if students complete steps 1, 
2, and 3 for one set of points at a time. Then, for step 4, 
they can summarize what they have discovered in the 
other parts.

In #9, students may need guidance to fi nd the 
coordinates for point B.

For #10a), you may want to revisit with students the 

values of cos 0°, cos 0, cos 90°, and cos   π 
_ 2  . Ask,

“What is the range of values for cos θ from 0 to   π 
_ 2  ?”

For #13, students may wish to draw three unit circles. 
The fi rst contains the points for -2π to 0π, the 
second contains the points for 0π to 2π, and the third 
contains the points for 2π to 4π radians. The point 

P(θ) =  (-  1 _ 
2
  ,   

  √ 
 3  
 _ 2  )  should be plotted on each circle, 

and then the angle θ can be determined.

You might point out to students that #13c) is similar 
to #8. You could ask students what generalization 
they discovered for angles on the unit circle that are 
a one-quarter rotation apart.

For #16c), be sure that students are familiar with the 
decimal values of the points listed on the unit circle. 
Students need to determine between which two points 
a rotation has a decimal value of 5 radians.

Answers

Example 1: Your Turn
x2 + y2 = 36

Example 2: Your Turn

a)  (-  5 _ 
8
  ,   

  √ 
 39  
 _ 8  )  and  (-5/8, -  

  √ 
 39  
 _ 

8
  ) ; quadrants II and III

b)  (-  12
 _ 13  ,   

5
 _ 13  ) ; quadrant II

Example 3: Your Turn
a)

b)

c) The coordinates of the points refl ected across the axes are the same 
except for the signs.
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Assessment Supporting Learning

Assessment for Learning

Example 1
Have students do the Your Turn 
related to Example 1.

• Students should be familiar with the Pythagorean relationship. If they are having diffi  culty, 
suggest that they draw the diagram of their circle fi rst and label the radius. It is important that 
they understand that any point on the unit circle will fi t the form of x2 + y2 = 1.

Example 2
Have students do the Your Turn 
related to Example 2.

• You may wish to have students work in pairs, or compare their work with a partner.
• Have students use a unit circle drawing as a visual reference.

Example 3
Have students do the Your Turn 
related to Example 3.

• You may wish to have students work in pairs.
• The development of the coordinates of the unit circle is sometimes diffi  cult for students to 

follow. However, the pattern established by the coordinates is easier for them to see and 
remember. It may help students to connect the coordinate points with lines that will form a 
rectangle. This approach makes it easier to see the relationship between the coordinates, and 
to see that the sign changes correspond to the quadrant that the points are in.
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Before working on #17, be sure that students are 
comfortable with the equation of a unit circle and 
how to work with this equation. Ask
• What is the equation of a unit circle?
• Given the equation y = -3x, how can you determine 

the x-value of the point of intersection between the 
line and the unit circle?

• How can you determine the y-value of the point of 
intersection?

Discuss how students might use a trigonometric ratio in 
part b) to determine the angle of rotation to one of the 
points in part a).

Suggest that students sketch a diagram for #18. 
Students may even consider doing part b) before part a). 
They should then be able to compare the triangle 
produced by the point and the x-axis with the triangle 
produced by the point of intersection on the unit circle 
and the x-axis. By producing a proportion of a ratio of 
radii to a ratio of x-values or y-values, they should be 
able to fi nd one of the coordinates on the unit circle 
and extend that to the second point.

For #19, suggest that students draw a unit circle centred 
at the origin and construct terminal arms in each of 
the four quadrants. They can then list general points of 
intersection of the terminal arms and unit circle in terms of 
x and y. Using their knowledge of sine and cosine ratios, 
have students determine the value for sin θ and cos θ in 

each of the quadrants. Discuss what happens to the sine 
and cosine ratios as angles increase from 0° to 360°.

Before working on C2, discuss with students what 
they know about an isosceles triangle, the comparative 
length of its arms, and its internal angles.

Before working on C4, revisit the concept of the areas 
of a square and a circle. You may want to discuss what 
the areas of the square and circle are in terms of the 
radius. Ask, “What is the ratio of area of scrap paper 
to area of the square? Why is this ratio important in 
determining the percent of paper cut off?”

Meeting Student Needs
• Provide BLM 4–3 Section 4.2 Extra Practice to 

students who would benefi t from more practice.
• Students should complete the checklist of understanding 

provided in the opener. This will guide them when 
deciding which questions they need to practice to gain 
a deeper understanding of the outcomes for this section.

Enrichment
Have students show visually the relationship between 
the radius value of the unit circle and the key distances 
around that circle. How could they use the visual to 
explain the value of the unit circle and radian measure?

Gifted
Ask student to explain why more than one quadrant of a 
unit circle is necessary to explain some natural phenomena.

Assessment Supporting Learning

Assessment for Learning

Practise and Apply
Have students do #1, 2, 3a)–d), 4–6, 9, 11, 
and 13. Students who have no problems 
with these questions can go on to the 
remaining questions.

• In #1, students use x2 + y2 = r2 for circles with radii other than 1. Discuss with students 
that the origin does not transform the centre, so the fi rst half of the equation remains 
unchanged. Showing students how the centre is substituted in will help them to answer 
C3 for any circle. It might benefi t them to graph a circle with centre at (2, 2) and r = 1.

• In #2 and 3, students use their understanding of x2 + y2 = 1 to determine whether 
points are on the unit circle or to fi nd a missing coordinate. Ensure that students 
understand why the quadrants have been indicated in #3. You may wish to complete 
#3a) as a class, and then use #3f ) as an assigned question.

• Opposite operations are presented in #4 and 5. Have students verbalize how they are

 opposites. If they are still having diffi  culty, use the coordinates  (    
√ 
 3  

 _ 2  ,   1 _ 2  )  as a sample
 to show them that this point belongs to 30°.
• You may wish to have students work with a partner for #9 and have them compare 

their responses.
• If students have diffi  culty with #13, go through the question using the coordinates of 

  (  -1 _ 2  ,   -  √ 
 3  
 _ 2  ) . Help them to make links to the coordinates in the question with each step.

Assessment as Learning

Create Connections
Have all students complete C1 and C3.

• Visual learners will benefi t from placing C1 into their notebook. This question provides a 
visual link to the patterns the coordinates and radian values create on the unit circle.

• When students work on C3, they can link their understanding from #1 in the Practice 
section to their previous work on transformations.
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Pre-Calculus 12, pages 191–205

Suggested Timing
90–120 min

Materials
• grid paper
• compass
• protractor
• ruler
• scientifi c calculator
• straight edge

Blackline Masters
Master 3 Centimetre Grid Paper
BLM 4–4 The Unit Circle
BLM 4–5 Section 4.3 Extra Practice

Mathematical Processes for Specifi c Outcomes
T3 Solve problems, using the six trigonometric ratios for angles 

expressed in radians and degrees.

 Mental Math and Estimation (ME)

 Problem Solving (PS)

 Reasoning (R)

 Technology (T)

 Visualization (V)

Trigonometric Ratios

Planning Notes
This section develops a connection between the 
unit circle, angles in standard position, and the six 
trigonometric ratios. Students construct a unit circle 
model containing multiples of 30° and 45° angles 

(  π 
_ 6   and   π 

_ 4  )  and the exact value coordinates for

these points of intersection for the domain 
0° ≤ θ < 360° (0 ≤ θ < 2π). The unit circle supports 
students’ understanding but does not replace problem 
solving skills. Students use their understanding to solve 
trigonometric equations and problems involving all six 
trigonometric ratios.

Tell students, “In grade 10 you studied the trigonometric 
ratios for cosine, sine, and tangent in right triangles. In 
grade 11 your study of trigonometric ratios was extended 
to include angles beyond the range 0° to 90°. Now you 
will relate trigonometric ratios to central angles and 
points on the unit circle. This leads to revised 
defi nitions of the trigonometric ratios.”

Investigate Trigonometric Ratios and 
the Unit Circle
Before beginning the Investigate, break the class into 
groups of two or three students. Each group needs a 
compass to construct accurate drawings. You may also 
consider distributing Master 3 Centimetre Grid Paper.

When students are working on step 1, ask them whether 
points P and Q are inside, on, or outside the unit circle. 
Have them also describe the position of these points 
relative to A and B.

For steps 2 and 3, some students may need to revisit the 
trigonometric ratios. Ask them to discuss the effect on 
each ratio when the hypotenuse equals 1. Students can 
use this knowledge to respond to step 5 as well.

In step 3, some students may need a hint to identify 
a line segment for tan θ. Refer to the larger triangle, 
QBO. In �QBO, 

tan θ =   
QB

 _ OB  

 =   
QB

 _ 1  

If students are having diffi culty with step 8, guide them

to recall that tan θ =   
opp

 _ 
adj

  ,   
y
 _ x  , or   

sin θ
 

_ 
cos θ

  . (You may need

to help some students understand why y = sin θ, and 
x = cos θ.) Ask students when the tangent ratio is 0 and 
when it is undefi ned. Ask them to consider when these 
conditions occur on the unit circle. Then have them 
consider angle θ when these conditions occur.

Meeting Student Needs
• Discuss the outcome and achievement indicators for 

this section. Encourage students to develop a list of 
the terms and defi nitions found within this section.

• Provide students with a handout listing the six 
trigonometric functions and ratios.

✓

✓

✓

✓

✓

Category Question Numbers

Essential (minimum questions 
to cover the outcomes)

#1a)–f ), 2a)–f ), 3–12, 14

Typical #1a)–f ), 2a)–f ), 3d)–f ), 4–9, 10a), 
d), 11, 13, 15, 16, 18, 19, 22, C1–C3

Extension/Enrichment #13, 17, 19–23, C2–C4

4.3
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• Provide students with a handout of the unit circle 
containing coordinates of the points corresponding 
to multiples of 30°, 45°, and 60°. Alternatively, have 
students develop this tool as described below for 
Example 2.

• Some students may need help to realize that any point 
on the unit circle can be expressed in the form (x, y). 
Have students share how they represent any unknown 
point on the coordinate plane. Then ask how this 
relates to any point on the unit circle.

Answers

Investigate Trigonometric Ratios and the Unit Circle

1. P lies on the circle at the intersection of the terminal arm and the unit 
circle. Q lies outside the unit circle directly above point B.

2. sin θ = y or  
−−

 AP 

3. cos θ = x or  
−−

 OA ; tan θ =   
y
 _ x   or   AP

 _ OA  

4. P(θ) = (cos θ, sin θ)

5. Given that �AOP is a right triangle and the circle is a unit circle,

 cos θ =   
adj

 _ 
hyp

  , where adj = x and hyp = 1

 cos θ =   
x
 _ 1  

 cos θ = x

6. cos2 θ + sin2 θ = 1; Yes, because all points on a unit circle are 
defi ned by the equation x2 + y2 = 1. Since x = cos θ and y = sin θ, 
cos2 θ + sin2 θ = 1 defi nes all points of intersection between the 
terminal arm of an angle and the unit circle.

7. The maximum value of both cos θ and sin θ is 1 and the minimum 
value is -1. So, -1 ≤ cos θ ≤ 1 and -1 ≤ sin θ ≤ 1.

8. Since tan θ =   
y
 _ x  , tan θ = 0 when y = 0. The minimum value of 

 tan θ is 0. As the angle gets larger, from 0° to 90°, the size of y 
increases from 0 to 1 and the value of x decreases from 1 to 0. 
Therefore, as the angle increases, the value of tan θ increases from 

 0 to   1 _ 0  , which is undefi ned. Therefore, 0 ≤ tan θ < undefi ned.

Assessment Supporting Learning

Assessment as Learning

Refl ect and Respond 
Have students complete the Refl ect and 
Respond questions. Listen as students 
discuss what they learned during the 
Investigate. Encourage them to generalize 
and reach a conclusion about their fi ndings.

• You may wish to have students work in pairs.
• Discuss the approach to completing #5–7 as a class to ensure that students have a 

good understanding of cosine and sine. Have students complete #8 independently 
and compare their answer with a partner.

Example 1
Have students complete the example before discussing 
it with the class. Before students begin, you may want 
to review cos θ, sin θ, and tan θ. Ask them to use the 
defi nitions in the student resource to set up the ratios 
for sec θ, csc θ, and cot θ.

Example 2
Before working on Example 2, help students build a 
unit circle model, connecting special angles and their 
trigonometric ratios for sin θ, cos θ, and tan θ. Have 
students draw a unit circle centred at the origin. 
(Consider providing BLM 4-4 The Unit Circle). 
They can create labels on the inside of the circle for 
the angles as multiples of 30°, 45°, and 60° (including 
radian measure) and labelling the coordinates

of the points for all multiples of   π 
_ 6   (  

  √ 
 3  
 _ 2  ,   1 _ 2  ) ,   π 

_ 4   (  
  √ 
 2  

 _ 2  ,   
  √ 
 2  

 _ 2  ) ,

and   π 
_ 3   (  1 _ 2  ,   

  √ 
 3  
 _ 2  ) . Students can complete Example 2 

using their unit circles and then discuss their results 
with the class. You may also want to revisit the concept 
of reference angles before beginning this example.

Example 3
Before doing Example 3, revisit with students how to 
fi nd trigonometric ratios using their calculator for both 
degrees and radians. Remind them that the calculator 
is only a tool, and they should understand what lies 
behind the numbers. Suggest that they sketch diagrams 
and use their knowledge of reference angles and sign 
conventions to estimate the values before entering them 
into their calculator.

Example 4
You may want to go over part a) with students. Doing 
so will help students avoid the error of fi nding only 
one answer for each ratio. Direct their attention to 
the domain and ask why it suggests that there will be 
two solutions. Then discuss with them how they can 
determine which quadrants the angles are in by looking 
at the sign of the given ratio. Students should not use 
rounded values in sequential calculations and only 
round after the fi nal answer has been determined.
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Students should work through the rest of the example 
on their own or with a partner. They can then discuss 
the results as a class. Suggest that they not move onto 
the Your Turn questions until they complete the example 
correctly. Meet with students who have diffi culty and 
discuss any problems they are experiencing.

Example 5
Have students attempt this example before discussing it 
with the class. If students are having diffi culty, ask:
• Can you sketch point A on the coordinate plane? 

In what quadrant does the point lie?
• When you draw a line from the point vertically to 

the x-axis, what is the value of the opposite side? 
the adjacent side?

• How can you fi nd the value of the hypotenuse of 
the triangle?

• Can you write all six trigonometric ratios given the 
values of the sides of the right triangle?

Have students complete the Your Turn question and 
discuss it with the class.

Meeting Student Needs
• Have students record their own summary of the 

Key Ideas, including examples. Have them store the 
summary for each section in the same location for 
review purposes.

• Suggest that students look for videos on the Internet 
that show ways to remember different trigonometric 
concepts. For example, there are videos that show 
how students can use the palm of their hand to 
develop the values of the trigonometric ratios.
Suggest that students try thinking of their own 
strategies for remembering what they learn.

• For Example 4, some students will benefi t from a 
visual. For each angle, draw a sketch of the four 
quadrants. Label the quadrants using “A Smart Trig 
Class.” Then, draw the two reference triangles in 
the correct quadrants according to the sign of the 
function. Students can then use their calculator to 
fi nd the reference angle and the principal angle(s) 
for each question. For example, if tan θ = -1.354, 
sketch a reference triangle in quadrants II and IV 
because the tangent function is negative there. 

• For Example 5, a sketch of the plotted point and 
required right triangle will assist students to fi nd the 
missing side using the Pythagorean relationship.

Enrichment
Ask students to speculate about the reciprocal 
trigonometric ratios. When might they be used and why?

Gifted
Ask students to draw a representation of the rise and 
fall of an object as it rides on the waves of the ocean. 
Ask them to compare this movement to the value of 
sine ratios without a restricted domain. How are they 
similar? How are they different? 

Common Errors
• Some students use the wrong form of angular measure 

in their answers.

Rx Make sure that students get in the habit of writing 
down the given domain for each question and 
recognizing the type of angular measure used in 
the domain.

• When using a calculator, students often forget to 
change the angle mode.

Rx Tell students that they should either draw a fi gure 
or create a quick mental image of the angle and 
mentally estimate the value or measure they expect. 
If the result produced by the calculator varies greatly 
from the expectation, they may want to check their 
calculator mode fi rst.

• Students often confuse which of the trigonometric 
ratios and their reciprocals go together. They 
frequently state that cosecant is the reciprocal ratio of 
cosine, and that secant is the opposite ration of sine.

Rx A quick rule to give students having diffi culty is to 
remind them that the lead letters in each word cannot 
match (the cc do not go together and the ss do not 
do together). Alternatively, help students recognize 
that there is only one “co” term in each pair: 
Sine/Cosecant and Cosine/Secant.
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Answers

Example 1: Your Turn
a)   b) sin θ =   

2  √ 
 2  
 _ 3  , cos θ = -  1 _ 

3
  , 

    tan θ = -2  √ 
 2  , csc θ =   
3  √ 
 2  

 _ 4  , 

    sec θ = -3, cot θ = -    
√ 
 2  

 _ 
4
  

Example 2: Your Turn
a)  b) 

 tan   π 
_ 2   = undefi ned  csc   

7π
 

_ 6   = -2

c)   d) 

 sin(-300) =   
  √ 
 3  

 _ 2    sec (60°) = 2

Example 3: Your Turn
a) sin 1.92 ≈ 0.9396; sin θ in quadrant II is positive

b) tan (-500°) ≈ 0.8391; tan θ in quadrant III is positive

c) sec 85.4° ≈ 12.4690; sec θ in quadrant I is positive

d) cot 3 ≈ -7.0153; cot θ in quadrant II is negative

Example 4: Your Turn
a) θ = -327.5°, -32.5° and 32.5° b) θ = 0° and 180°

c) θ = -0.3 and 2.8 d) θ = -  π 
_ 
4
   and -  3π

 
_ 
4
  

Example 5: Your Turn
Sides are x = -5, y = -12, and r = 13

cos θ =   
x
 _ r   = -  5 _ 

13
  ; sec θ =   1

 _ 
cos θ

   = -  13 _ 
5
  ; sin θ =   

y
 _ r   =   -12

 _ 13  ; 

csc θ =   1
 _ 

sin θ
   = -  13 _ 

12
  , tan θ =   

y
 _ x   =   12

 _ 5  ; cot θ =   1
 _ 

tan θ
   =   

5
 _ 12  

y
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(        )
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(       )
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Assessment Supporting Learning

Assessment for Learning

Example 1
Have students do the Your Turn 
related to Example 1.

• You may wish to have students work in pairs.
• Coach students to verbalize what quadrant the point will lie in.
• Remind students that x = cos θ and y = sin θ. This should assist in obtaining four of the

six ratios.
• You may need to review the process of rationalizing the denominator. For example, students

 should understand that   1 _ 
  √ 
 2  

   =     
√ 
 2  

 _ 2  .

Example 2
Have students do the Your Turn 
related to Example 2.

• Have students draw in the rectangles for the 30°, 150°, 210°, and 330° measures, as well as for 
60°, 120°, 240°, and 300°. This provides a visual that students could use to answer this and later 
questions in the chapter.

• A square could connect 45°, 135°, 225°, and 315°.
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Check Your Understanding
For #2 to 4, 6, and 7, suggest that students make a sketch 
of the angle and use their knowledge of reference angles 
and sign conventions to determine the solutions.

For #5, students will have to sketch the point on the 
coordinate plane and then draw a right triangle. They 
can then use their knowledge of trigonometric ratios to 
determine the reference angle and to fi nd the angle in 
standard position. Ask
• What quadrant does the point lie in?
• Which trigonometric ratio can you use?
• If the reference angle is in the fi rst quadrant, what is the 

value of the angle in standard position? How do you 
determine the angle in standard position if the reference 
angle is in the second, third, and fourth quadrants?

Students can use a similar strategy in #8 as they did 
in #5. Suggest that they consider what the possible 

quadrants are for the point  (  
3
 _ 5  , y) . Ask, “What is the 

sign of y when the point is in the fourth quadrant?” 
Then guide them to use their knowledge of the side 
lengths to fi nd tan θ and csc θ. Some students may 
need to be guided or see a worked example for this 
question. You may also tell students that they can use 
unit circle coordinates or the special reference triangles 
to substitute values and then simplify.

For #10, encourage students to draw direction arrows 
at the vertex to indicate the movement of the terminal 
arms within the given domain. Doing this should help 
them understand the possible solutions expected in the 
question. Ask, “What tool can you use to fi nd the exact 
measure of an angle?”

Students must use reference angles and knowledge of 
sign conventions to solve #11. Point out to students 

that this question asks them to create a diagram, but 
that they can use this strategy for most problems. 
Suggest that students begin by considering the domain, 
the trigonometric ratio, and the sign to determine the 
possible quadrants of the angle.

Students should understand that #12 does not 
involve the unit circle. The strategy for solving these 
questions, however, is still based on a right triangle and 
understanding the trigonometric ratios. Suggest students 
draw a diagram showing the reference triangle for the 
given angle. Then, guide them in how they might use 
the Pythagorean relationship to determine the third side, 
and then write the other trigonometric ratios. 

For #14, some students may need guidance to understand 
how to interpret 13.61 rotations and how to deal with 
the 0.61 rotation. Ask
• How many degrees are there in one full rotation?
• How many degrees are there in 0.61 of a rotation?
• What is the reference angle for a 220° angle?
Then guide students to fi nd the trigonometric ratios for 
the reference angle, 40°.

Be sure that students recognize that they are dealing 
with radians in #17 and that they set the mode of their 
calculator accordingly. Discuss with students how the 
sign for cos θ differs from sin θ in quadrants II, III, 
and IV. Ask how they could use this information to 
make their prediction in part c).

For #18b), students must fi rst fi nd how long it will 
take the wheel to make one rotation. They can then 
determine how many rotations the wheel will make in 
one minute, and which quadrant it will be in at that 
time. Ask
• What are the values of x and y after the wheel rotates 

for 1 minute?

Assessment Supporting Learning

Assessment for Learning

Example 3
Have students do the Your Turn 
related to Example 3.

• You may wish to have students work in pairs.
• Have students identify which quadrant the angle is in. Then, have them state the sign the 

answer should have before fi nding the measure with their calculator.
• Remind students to change modes on their calculator as needed.

Example 4
Have students do the Your Turn 
related to Example 4.

• You may wish to have students work in pairs.
• Revisit the reciprocal functions with students.
• Have students identify what quadrant their value is in. Remind them that some may have 

more than one possible location. It is important to draw their attention to the domains given 
so that students recognize the number of rotations and/or direction of rotation involved. 
Some students may benefi t from a quick review of coterminal angles.

Example 5
Have students do the Your Turn 
related to Example 5.

• You may wish to have students work in pairs.
• Some students would benefi t from using the coordinates to draw the triangle on a coordinate 

grid. Remind them it is a right triangle so they are able to fi nd the missing side.
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• Which value, x or y, on point P will determine how 
far the piston has travelled horizontally?

• How far will the piston move when point P is on the 
y-axis?

• How far will point P have travelled in radians for the 
remaining part of a rotation?

For #22, suggest that students use their model of the unit 
circle to assist them with parts a) and b). For part c), ask
• If you represent the new systems angle with α and the 

old conventional angles with θ, what do you get when 
you add, subtract, multiply, and divide each of these 
angles together?

• Do you see any relationship between these two sets of 
angles?

• Does your relationship work for degree measure? This 
question will help them with part d).

For #23, students can use sec θ =   1
 _ 

cos θ
   in �OBQ to

show that sec θ = OQ. This can be proved using similar 
triangles �OAP and �OBQ.

Meeting Student Needs
• The Project Corner provides information about the 

origin of degrees and pi. Encourage students to 
research answers to the questions in the last bullet and 
to share their fi ndings with the class.

• Provide BLM 4-5 Section 4.3 Extra Practice to 
students who would benefi t from more practice.

• Students should complete the checklist of understanding 
provided in the opener. This will guide them when 
deciding which questions they need to practise to gain a 
deeper understanding of the outcomes for this section.

• Students should practise creating the unit circle, 
complete with 16 angles and the coordinates of the 
points on the circumference of the circle. Students can 
check each other’s work. Once they are certain that 
the circles are correct, they can use the circle to help 
answer the questions in the Practise section.

• Students may wish to create a laminated, poster-size 
unit circle containing the angles and the coordinates 
of each point on the unit circle. A moveable terminal 
arm could be attached using a clip. Students could 
then rotate the terminal arm as indicated in a question 
and read the answer from the unit circle.

• For #4, a quick sketch of the given angle may assist 
students to fi nd the reference angle and the sign of the 
answer. For the example, they could sketch 110° and 
fi nd the reference angle using 180° - θ = 70°. They 
will see that the angle terminates in quadrant II where 
sine and its reciprocal is positive. 

• Direct students to sketch a diagram whenever possible 
and to refer to it when working through the problems.

Assessment Supporting Learning

Assessment for Learning

Practise and Apply
Have students do #1a)–f ), 2a)–f ), 3–12, 
and 14. Students who have no problems 
with these questions can go on to the 
remaining questions.

• You may wish to have students work in pairs to draw an entire unit circle with 0° and 
multiples of the angles 30°, 45°, 60°, 90° labelled. They could also include the radian 
measures. This would be a useful reference tool for #1–6.

• Guide students to recognize that a square could connect 45°, 135°, 225°, and 315°.
• Ensure that students have a good understanding of how to determine the values for 

the coordinates if they do not have a reference circle.
• Have students verbalize the diff erence between #7a) and b), and between c) and d).
• Remind students that the equation (cos θ)2 + (sin θ)2 = 1 could be used to complete #8.
• Ensure that students watch the restrictions on the domains for #10–12. You may wish 

to have them identify what quadrant they are working with before they begin each 
question. Doing so will assist them in determining the sign of the answer(s).

Assessment as Learning

Create Connections
Have all students complete C1 and C2.

• Some students might fi nd C1 easier to complete if they organize the values in a table. 
This way they can observe the changes in the sine values.

• Remind students what a hexagon is and ask them to verbalize what the term regular 
implies when drawing polygons. This should provide them a lead for C2.
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Pre-Calculus 12, pages 206–214

Suggested Timing
90–120 min

Materials
• grid paper
• compass
• protractor
• ruler
• scientifi c calculator

Blackline Masters
Master 3 Centimetre Grid Paper
BLM 4–4 The Unit Circle
BLM 4–6 Section 4.4 Extra Practice

Mathematical Processes for Specifi c Outcomes
T5 Solve, algebraically and graphically, fi rst and second degree 

trigonometric equations with the domain expressed in 
degrees and radians.

 Connections (CN)

 Problem Solving (PS)

 Reasoning (R)

 Technology (T)

 Visualization (V)

Introduction to Trigonometric 
Equations

Planning Notes
This topic connects all the previous concepts and skills 
covered in this chapter. Students use their knowledge 
of solving linear and quadratic equations to develop a 
strategy for solving linear and quadratic trigonometric 
equations. They also learn to recognize the difference 
between fi nding a limited number of solutions within 
a given domain and expressing solutions in the general 
case. They then apply this understanding.

Throughout the section, help students appreciate the 
value and purpose of solving trigonometric equations. 
Begin by discussing with the class situations or 
applications that may involve cyclic patterns. Then, 
as a class, read over and discuss the Focus on … 
bullets. Discuss and defi ne any terms with which 
students are unfamiliar.

Investigate Trigonometric Equations
The Investigate helps students recognize the similarities 
and differences between solving algebraic linear and 
quadratic equations and solving linear and quadratic 
trigonometric equations. Before the investigation, you 
may want to help students revisit skills in solving 
linear equations and solving quadratic equations by 
graphing, factoring, or using the quadratic formula. 
Also, reactivate their understanding of the difference 
between exact and approximate value solutions.

Discuss with students how the equation in the 
Investigate is similar to the equations they have solved 
in the past. Ask them how it is different? If some 
students are struggling, ask how they would solve the 
equation if they were to replace cos θ with x. Then, ask 
what the difference is between solving the equation 
for θ and for cos θ. You may have to remind students 
to consider how many possible solutions they would 
expect to fi nd in the given domain.

In step 4, ask students to consider how solving these 
two equations was similar and different. If students stop 
after reaching cos θ = 0 and cos θ = 1, discuss with 
them why their solution is incomplete. Make sure they 
understand that they are solving for the angle.

Meeting Student Needs
• Discuss the outcomes and achievement indicators for 

this section. Encourage students to develop a list of 
the terms and defi nitions found in this section.

• To see how light refracts in water, students could look 
at an object partially submerged in an aquarium or a 
sink. They can then use a glass or metal rod to touch 
the object. Ask them what they notice. Some students 
may want to fi nd further information about the 
refraction of light in water.

• Encourage students to change the given equations 
to similar equations they know how to solve. For 
example, in step 1, ask them to explain how they 

would solve x +   1 _ 2   = 0

• Some students are confused by the form of a 
trigonometric equation. Suggest that they set the 
trigonometric ratio equal to a variable, such as m, 
and then solve for m. They can then replace m with 
the original trigonometric ratio, and solve for the 
angle in each “mini equation.”

✓

✓

✓

✓

✓

Category Question Numbers

Essential (minimum questions 
to cover the outcomes)

#1–4, 6–12, 15–17

Typical #1–4, 6, 7, 9, 10, 12, 14-18, C1, 
C2, C4

Extension/Enrichment #18–20, C1–C4 

4.4
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Answers

Investigate Trigonometric Equations

1. θ =   2π
 

_ 3   and   4π
 

_ 3  ; they are the same 

2. θ = 120° and 240°

3. θ ≈ 1.91 and 4.37

4. 

Quadratic Equation Trigonometric Equation

 x2 - x = 0
 x(x - 1) = 0
x = 0 and x = 1

 cos2 θ - cos θ = 0
 cos θ(cos θ - 1) = 0
cos θ = 0 and cos θ = 1
θ = 0,   π 

_ 2  ,   3π
 

_ 2  

5. Solving for a linear trigonometric ratio is the same as solving a 
linear equation for a variable. But once the ratio is determined, the 
trigonometric ratio and its sign are used to solve for the angle measure 
that makes the equation true.

6. The answer should be expressed using the same units as those listed 
in the given domain.

7. The strategy for solving quadratic trigonometric equations for the 
trigonometric ratio is exactly the same as solving quadratic equations 
for the variable. The difference is that in quadratic equations, once 
the variable has been determined and checked for correctness, the 
operation is fi nished. When solving quadratic trigonometric equations, 
after the trigonometric ratios have been determined, the angle that 
satisfi es the given trigonometric equation needs to be found.

Assessment Supporting Learning

Assessment as Learning

Refl ect and Respond 
Have students complete the Refl ect and 
Respond questions. Listen as students 
discuss what they learned during the 
Investigate. Encourage them to generalize 
and reach a conclusion about their fi ndings.

• You may wish to have students work in partners for this activity.
• Consider completely solving the quadratic on the board while asking students to 

verbalize the process. Ensure the term common factor is used, and that the process of 
setting each factor equal to zero is shown. Ask students if there are any parallels that 
could be applied to the trigonometric equation.

• Ensure students understand that the values they have learned for the unit circle are 
often repeated. As a result, depending on the domain given, they may have multiple 
answers. For example, cos x = 0 could mean   π 

_ 2   or   3π
 

_ 2  , depending on the domain. 

Example 1
Before doing this Example, remind students that they 
are familiar with solving equations and that it is only 
the context that has changed. Suggest that students 
replace the trigonometric ratio with a variable, such as 
x. After solving the equation for x, they can replace x 
with the trigonometric ratio. Remind students that 
they are solving for the angle, so they need to determine 
the angle that satisfi es the equation (e.g., in part a), the

value for θ that satisfi es the equation sin θ = -  1 _ 
2
  ). 

In part b), ask students why csc x = 2 equals sin x =   1 _ 2  .
What trigonometric equation would they have solved 
for if the equation was sec x = 2?

Example 2
If students are struggling with this example, ensure that 
they are comfortable with factoring. Work through a 
similar example using a quadratic equation. Ask how 
your sample is similar to the question in Example 1.

Ensure that students set up their ratio correctly and 
that they consider the domain when determining their 
solution. You may also want to revisit the strategy for 
checking answers. If students are still not getting the 
correct solution, ask
• Did you use the given domain to determine if the 

solution should be expressed in degrees or radians?

• Did you sketch a diagram to determine the quadrants 
of the angles, given the values of the trigonometric 
ratio in your solution?

• Did you correctly determine the value of the reference 
angles and use a positive value for the reference angle 
ratio?

Encourage any students who are having diffi culty with 
the notation of trigonometric equations to replace the 
trigonometric ratio with a variable. They can then solve 
the quadratic equation for the variable, replace the 
variable with the original trigonometric ratio, and then 
solve for the angle that satisfi es the given equation. This 
strategy is often helpful for students who are having 
diffi culty factoring trigonometric equations.

Example 3
Discuss with students that there may be more than one 
way to solve an equation. Ask
• How could you solve the equation for sin x by using a 

square root?
• Can this quadratic expression be factored?
• Do any of the solutions for sin x indicate that there is 

an exact value answer?

For part b), suggest that students write the solutions for 
the domain 0 ≤ x < 2π as a general solution. Then ask
• How many general solutions did you fi nd for this 

equation?
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• How far apart are the two solutions you found?
• Given that the two solutions you found are π units 

apart, is there a way to write a general solution that 
combines the two?

Meeting Student Needs
• Consider posting examples of interval notation in 

the classroom. Ask students to write, in words, the 
meaning of each example you have posted.

• For Example 1, some students will fi nd it helpful to 
fi rst solve x2 - 5x + 4 = 0. They may also wish to 
solve tan2 θ - 5 tan θ + 4 = 0 using substitution.

• You may wish to provide more examples for the class to 
solve together prior to students doing individual work.

• Have students record their own summary of the 
Key Ideas, including examples. Have them store the 
summary for each section in the same location for 
review purposes.

Common Errors
• Students may forget to solve for the correct number 

of solutions.

Rx Remind students to get into the habit of determining 
the number of solutions before they solve equations. 
They need to use their knowledge of trigonometric 
sign conventions and rotations of angles around the 
unit circle to determine the number of solutions 
for all angles except those that may have non-
permissible answers.

• Some students may not use the correct format to write 
the general solution of an equation.

Rx Remind students that they need to describe the 
original terminal angle in the fi rst positive rotation 
and then add either 360n or 2πn to that angle. 
Suggest that they draw an angle and then trace an 
arrow with their pencil showing the effect of adding 
360n or 2πn. Also discuss the restrictions on the 
value of n.

Answers

Example 1: Your Turn
a) θ = -2π, 0, 2π

b) x = 120° and 240°

Example 2: Your Turn
θ = 180°

Example 3: Your Turn
a) x = 0° and 180°

b) x = 0° + 360°n, n � I, and 180° + 360°n, n � I; or θ = 0° + 180°n, 
n � I

Assessment Supporting Learning

Assessment for Learning

Example 1
Have students do the Your Turn 
related to Example 1.

• Students will need to recall the side lengths and angles of the special triangles.
• Students may need to be reminded to consider the solution only in the specifi ed domain.

Example 2
Have students do the Your Turn 
related to Example 2.

• You may wish to have students work in pairs.
• Students may fi nd it easier to initially change the cos θ in the equation to x and solve a basic 

quadratic fi rst. Once they have done a few questions they will not need to make this substitution.
• Remind them that rules of basic factoring apply here, as would the quadratic equation if needed.

Example 3
Have students do the Your Turn 
related to Example 3.

• You may wish to have students work in pairs.
• It is important to help students link the concept of coterminal angles with the term 

general solution.
• Remind students to watch the limits on the domain, if any exist.

Check Your Understanding
For #6, discuss interval notation, where square brackets 
indicate “greater than and equal to” or “less than and 
equal to.” Ask students to describe which equality 
symbol is associated with the opening and closing 
square brackets. Also discuss what type of inequality 
is described by a round bracket. Ask, “What does 
the order of values inside the brackets indicate?”

For #9, ask students to look at the equation 
and consider whether it is a linear or quadratic 
trigonometric equation. Ask, “How many possible 
solutions do you get if you divide both sides of this 
equation by sin θ?” Have students consider whether a 
single solution fi ts with their understanding of solving 
a quadratic equation. Alert students that dividing both 
sides in a situation like this is a common error. Ask 
them to describe the correct strategy.
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Assessment Supporting Learning

Assessment for Learning

Practise and Apply
Have students do #1–4, 6–12, and 15–17. 
Students who have no problems with 
these questions can go on to the 
remaining questions.

• Allow students to refer to their drawing of the unit circle as an aid for #1–3. Remind 
them to watch the limits on the domain. Encourage students to show their work in 
solving all trigonometric equations in the same way they would for quadratics. This is 
especially true for #3, 7, and 8.

• For students having diffi  culty with #9, present and discuss the following algebraic 
solutions before students try the question on their own:

  x2 = x x2 = x

    x
2
 _ x   =   x _ x   x2 - x = 0

  x = 1 x(x - 1) = 0
   x = 0 and x = 1
 Ask students to identify which solution is correct. Ensure that before they return to #9 

they understand that dividing both sides eliminated one of the solutions. 
• If students are having diffi  culty, coach them through #10 before letting them try #11.

Assessment as Learning

Create Connections
Have all students complete C1, C2, and C4. 

• Suggest that students refer back to earlier sections in the chapter to fi nd ways to prove 
whether the point in C2 is on the unit circle. Remind them of the inverse function.

• You may have to coach students to make a link between non-permissible values and 
undefi ned values to assist them in answering C3.

• You may consider doing C1 to C4 as a mini project to summarize students’ understanding 
of the skills and concepts covered in this section of the chapter. This would also be an 
opportunity for students to do peer assessments of each other’s work, and it could open 
up discussion among students of the concepts covered in this chapter.

Suggest that students use their unit circle to determine 
the minimum and maximum values for sin θ for #11. 
Have them consider whether the value 2 lies within this 
range of values. Ask, “Will sin θ = 2 have a solution?” 
(Note that #17 is similar to this question.)

For #15a), some students may need guidance to 
recognize that since variable y, the number of air 
conditioners, is expressed as thousands, its value is 
8.3. You may also have to lead some students through 
a discussion of how this problem represents a cyclical 
problem, and how it therefore relates to the unit circle 
and angular measure. Ask
• To solve for t, what type of angular measure should 

you use, degrees or radians?
• What radian measure satisfi es the equation sin θ = 1?

• Given that 1 = sin  (  π 
_ 6  (t - 3))  in this question, what 

 is  (  π 
_ 6  (t - 3))  equal to?

For #15b), ask students how they can determine 
the minimum and maximum values of the function 
graphically and algebraically. Note that #19 and 20 are 
similar to #15, and a similar line of questioning could 
be used to guide students having diffi culty.

Meeting Student Needs
• Provide BLM 4–6 Section 4.4 Extra Practice to 

students who would benefi t from more practice.
• Students should complete the checklist of understanding 

provided in the opener. Doing so will guide them when 
deciding which questions they need to practise to gain 
a deeper understanding of the outcomes for this section.

• For #1, students can rewrite the domain in interval 
notation.

• For #14, invite a physics teacher to present 
information about Snell’s Law and how it is used. 
Examples can be presented of its applications in 
various careers.

• Students can work in pairs, exchanging and evaluating 
solutions, including identifying errors if possible.

Enrichment
Have students select one of the procedures developed 
in section 4.4 and create a fl owchart that shows the 
process.

Gifted
Ask students to explore the connections between the 
procedures used to factor numbers, algebraic expressions, 
and trigonometric expressions. What makes the process 
the same? What makes them different?
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Chapter 4 Review and 
Practice Test4

Planning Notes
Have students who are not confi dent discuss strategies 
with you or a classmate. Encourage them to refer to 
their summary notes, worked examples, and previously 
completed questions in the related sections of the 
student resource. Consider distributing copies of 
Master 3 Centimetre Grid Paper and BLM 4-4 
The Unit Circle to encourage students to draw 
diagrams to help them with the questions.

Have students make a list of questions that they need no 
help with, a little help with, and a lot of help with. They 
can use this list to help them prepare for the practice 
test. You may wish to provide students with BLM 4-7 
Chapter 4 Study Guide.

The practice test can be assigned as an in-class or take-
home assignment. Provide students with the number of 
questions they can comfortably do in one class. These 
are the minimum questions that will meet the related 
curriculum outcomes: #1–12.

Meeting Student Needs
• Students who require more practice on a particular 

topic may refer to BLM 4-2 Section 4.1 Extra 
Practice, BLM 4-3 Section 4.2 Extra Practice, 
BLM 4-5 Section 4.3 Extra Practice, and/
BLM 4-6 Section 4.4 Extra Practice.

• Students should work through the complete list of 
outcomes provided at the beginning of the unit. 
Which outcomes and indicators do they know? Which 
outcomes and indicators require extra study and 
practice? Encourage students to partner with a student 
who needs similar practice. What other resources are 
available to assist them with the learning?

• Students are encouraged to write the practice test 
and then assess their own answers. Use the results to 
determine which areas require attention prior to the 
unit assessment.

Pre-Calculus 12, pages 215–219

Suggested Timing
60–135 min each

Materials
• grid paper
• compass
• protractor
• ruler
• scientifi c calculator

Blackline Masters
Master 3 Centimetre Grid Paper
BLM 4–2 Section 4.1 Extra Practice
BLM 4–3 Section 4.2 Extra Practice
BLM 4–4 The Unit Circle
BLM 4–5 Section 4.3 Extra Practice
BLM 4–6 Section 4.4 Extra Practice
BLM 4–7 Chapter 4 Study Guide
BLM 4-8 Chapter 4 Test

Assessment Supporting Learning

Assessment for Learning

Chapter 4 Review
The Chapter 4 Review provides an opportunity for students to 
assess themselves by completing selected questions in each 
section and checking their answers against answers in the 
student resource.
Minimum:  #1–5, 7, 9–17, 19a), b), 20a), b), 21

• Encourage students to use BLM 4–7 Chapter 4 Study Guide to 
identify areas they may need some extra work in before starting 
the practice test.

Chapter 4 Study Guide
Have students use their responses on the practice test and 
work they completed earlier in the chapter to identify skills or 
concepts they may need to reinforce. 

• Encourage students to use the practice test as a guide for any areas 
in which they require further assistance. Students should be able to 
answer confi dently the suggested minimum questions. Encourage 
students to try additional questions beyond the minimum. 

• Consider allowing students to use any summative charts, concept 
maps, or graphic organizers in completing the practice test.

Assessment of Learning

Chapter 4 Test
After students complete the practice test, you may wish to use 
BLM 4–8 Chapter 4 Test as a summative assessment. 

• You may wish to have students refer to BLM 4–7 Chapter 7 
Study Guide and identify areas they need reinforcement in 
before beginning the chapter test.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 90
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 1200
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 300
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier (Custom)
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU <FEFF0043007200e90065007200200070006100720020005400720061006e00730063006f006e00740069006e0065006e00740061006c0020006c006500200031003100200061007600720069006c002000300037002e0020004600720061006e00630069007300200050006100710075006500740074006500200031002d003800380038002d003800380033002d0034003000300031>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        18
        18
        18
        18
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (U.S. Web Coated \(SWOP\) v2)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName ([High Resolution])
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 18
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




