Exploring Integer Multiplication

MathLinks 8, pages 286-292
Suggested Timing
50-60 minutes

Materials

e red and blue integer chips
e coloured pencils (optional)
e scissors (optional)

e transparent chips (optional)

Blackline Masters

Master 2 Two Stars and One Wish
Master 20 Integer Chips

BLM 8-3 Chapter 8 Warm-Up

BLM 8-5 Section 8.1 Extra Practice

Mathematical Processes
Communication (C)

[/] Connections (CN)

[] Mental Mathematics and Estimation (ME)
[/] Problem Solving (PS)

[/] Reasoning (R)

[] Technology (T)

Visualization (V)

Specific Outcomes
N7 Demonstrate an understanding of multiplication and division
of integers, concretely, pictorially and symbolically.

Category Question Numbers

Essential (minimum questions | 1-4, 5,7, 9, 13, 14
to cover the outcomes)

1,2,4,5,7,9, 14-18
1,2,4,19,20

Typical

Extension/Enrichment

Planning Notes
Have students complete the warm-up questions on

BLM 8-3 Chapter 8 Warm-Up to reinforce material
learned in previous sections.

As a class, read and discuss the information about
the Columbia Icefield and the Athabasca Glacier

in the student resource. Have students determine
individually the distance that the Athabasca Glacier
recedes in four years. Then, have students compare

Exploring Integer Multiplication

Focus on. ..

After this lesson, you
willl be able to...

I multiply integers
using integer
chips

Did You Know?

The Columbia
Icefiedd is a major
sowrce of fresh water.
Melt water from the
Icefiedd foeds rivers
that flow to the
Arctic Ocean, the
Pacific Ocean, and
Hudsor's Bay,

The Columbia leefield is the largest mass of ice in North America below

the Arctic Circle. The icefield lies across the Alberta-BEritish Columbia
border in the Rockies. Six large glaciers flow from the icefield. One of
them, the Athabasca Glagier, is a popular tourist destination in Jasper
MNarional Park.

The Athabasca Glacier has been melting for over a century, The front edge
or “snout™ of the glacier has been receding ar an average of approximarely
12 m per year. At that rate, how far would it recede in four years?

Explore the Math

[N aturials) How can you use integer chips to multiply two integers?
» sed and biue integer "
chips o 1. Multiplication can be expressed as a repeated addition.
143) x (42) = (+2) + (+2) + (+2)
m:w a) Use red integer chips to mml.e'i .tln'.,lllulilitln (+2) + (+2) + (+2).
Representing bl Copy and complete the multiplication starement (43) x (+2) = I
Integers

Integer chips are 2. a) Express (+4) % (+3) as a repeared addition.
coloured disks that
represent integers. In
this boak, one red
chip represents +1.
and one blue chi
Tepresents — 1. ’ 3. a) Express (+3) % (—5) as a repeated addition,

® @ b} Use blue integer chips to model the addition.
R

bl Use red integer chips to model the addition.

e Copy and complete the multiplication statement (+4) x (+3) = .

o Copy and complete the multiplication statement (+3) % (-5} = I

286  MHR« Chapter 8

their answers and their methods. Because students
have not multiplied integers before, they may
determine the answer by multiplying 12 m by 4,
without thinking in terms of integers. Remind
students to consider the type of integer values
usually assigned to backward motion.

Ask if there is another way to determine the total
distance that the glacier recedes in four years.
The word total should trigger the idea of addition.
Remind students that multiplication is repeated
addition and that they already know how to add
integers. Students can think of the total distance
that the glacier recedes in terms of the sum
(—=12) + (—12) + (—12) + (—12).

Later in the lesson, after students have multiplied
some integers, you might ask the class to consider
the receding glacier again. Students will then be

able to represent the total distance by the expression
(+4) x (—12) to give —48, indicating that the glacier
recedes 48 m in four years.
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4, Use integer chips to model each multiplication. Copy and complete O literac
each multiplication statement,

I.lndernlndn!
o (3 k(45 =M b+ x(+3) =1 Multiplication

{ (-3)= +3) —4) = The product of 4
9. Xt =R 4 )R- =0 and 21 B, becaise
4x2=8
5 ["".‘ vou use the same mulluul as in #1 ro #4 w0 .;mul\.-rlr the . The maltiplication
multiplication {=2) % (+3) or the multiplication {=3) x (—4)? PR

Explain. means that 4 groups
of 2 make 8. You can
. . akso thinkof 4 x 2 a8
. 8] The diagrams show how to model the multiplications from #5 e tenaied scin

by using zero pairs, Describe each model, 2424242

“ikeras - JLink
Modelling With
Zero Pairs
A 2ero pair is 8 pair of
2909999 2295235935335 me;e‘m")&*lm
CETYYY) 2029202095999 ane chip representing
+1 and one chip
representing 1
33;‘2’13/ 25299 2999 3999 f ’I
2909 290 \sa)msnrmssal, e pat
A 2810 pair represents
u-lobu..auw
335332353333 > ;;;I#\:hlo-;t::‘:rv?be'
229929 ofzeropais
TERTESENS Ze90.
b} Copy and complete each multiplication starement,
(=) % (+3) =M
(-3 % (-4 =1

o

Use integer chips to model each mulriplication. Copy and complere
cach multiplication statement.

a) (-4 x{-31=0 B (-SIxi+2=1

g (=) x{+4)=W & (-lxi-4H=0

Reflect on Your Findings

8. How can you use integer chips to mulriply rwo integers? In your
description, state when you use zero pairs. How do you determine
the number of zero pairs to use?
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Example 1: Multiply Using Integer Chips
Determine each product using integer chips. Copy and complere each
multiplication statement,

a) (45) % (42) B) (+6) x{=2) & (=3 x(+2) & (=2)x (-4

Solution
o 209~
Model It {( There are 10 red
chips.
What ather strategy \_, Insert 5 groups with 2 red chips in each group.
could you wse?

The product is +10.
The multiplication statement is (+5) % (+2) = +10.

b 200~
bopo6® ssssse (erewe

S oslo's/ee s0000e b chigs

/Wv—\f—w ~—

Insert 6 groups with 2 bilue chips b nu.nqm up.

The product is =12,
The multiplication statement is (+6) % (=2} = =12,

¢ The negative sign in —3 shows that you need to remove 3 groups.
Each group will contain 2 red chips. So, you need to remove a total
of & red chips.

9D G
232533 St s|>

209909 that thene are enough red

chips to remave.

(=R =]
(=]
“' K’ !f’ ‘!/ Mo wuo-no«xh
2529259 red chips.
Theve are & blue
200900 L,\_r/u\:}

The product is —6.
The multiplication statement is (=3} x (42} = —6.
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In this exploration, students use integer chips to
multiply two integers.

Method 1 Have students work on the exploration

in pairs and discuss their answers. Give each pair

of students a supply of red and blue integer chips

(at least 15 of each colour), so that they can learn

to multiply integers concretely. If you do not have

a supply of integer chips, students might use other

manipulatives, such as:

* algebra tiles (unit tiles can be used to represent +1
and —1)

* pennies, with heads representing + 1 and tails
representing — 1

* square cutouts of equal sizes made from sheets of
red and blue paper

* circles cut from Master 20 Integer Chips and
coloured red and blue

Method 2 Have students use a semi-concrete
method by drawing and colouring circles to represent
the integers. Students can cross out or cover circles
that need to be removed from the diagram.
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Literacy Link Draw students’ attention to

the Literacy Links on pages 286 and 287.

The first Literacy Link is a reminder that red
chips represent positive integers and blue

chips represent negative integers. Discuss

how hands may turn blue when they get very
cold, and suggest that this may be one way to
remember that blue represents negative integers.
Temperatures in the negative digits can turn our
digits blue.

The second Literacy Link reinforces the meanings
of product and multiplication statement, and
reminds students that multiplication can be
performed by repeated addition. You may wish

to remind students that positive integers are often
written without the positive sign. Point out that
the multiplication statement 4 X 2 = § can also
be interpreted as two groups of four make eight,
with the corresponding addition 4 + 4.

The third Literacy Link is a reminder of the
meaning of zero pair and how students can
model a zero pair with integer chips.




d] The negative sign in —2 shows that you need to remove 2 groups. Each group
will contain 4 blue chips. So, you need to remove a toral of 8 blue chips.

20900009 ° 0~ Vv—

| seart with

5533553535 \/ at o

9999 2999
‘TYY 1YY

IIPDIDPIDIDBD

The product is +8.
The mulriplicarion statement is (—2) x (—4) = +8,

Determine each producr using integer chips, Use diagrams ro show
your thinking.
a) (+4) x (+2) B (+3) % (-2) o (-4 x(+2) o (—6)x(-1)

Example 2: Apply Integer Multiplication
For 5 h, the emperarure in Flin Flon fell by 3 *C each hour. Whar
was the total change in temperature? Did You Know?

Solution Flin Flan lies along
the Manitoba-
Saskatchewan
border. The town |s
named after a
fictional character
called Professor
Josiah Flintabbatey
Flonatin, He was the
hero of a science
fiction novel called

Use the multiplication of two integers to represent the situation,
Represent time of 5 h by the r+3

hour by the integer =3,

Represent the 3 °C decrease in e
The total change in temperature can be represented

by the expression (+5) x {(—3). o 2 o
Multiply (+5) x (—3) using integer chips.
ol
99> 25500 The Sunless City. In
2995 299> this navel, Josiah
232D, >0 explored a
bottomiess lake in
a submarine and
discovered a tunnel
lined with gold. Flin
Flon was named
Lt after him because
8 S - in Victoria fell by 2.°C ead] of the large mineral
For 4 h, the temperature in Victoria fell by 2 °C each hour. it tharroigchd

Whar was the total change in temperature? theve.

>
» »

The product is

The total change in temperature was a decrease of 15 °C.
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Example 1

Example 1 shows students how to multiply integers
using integer chips. Remind students that zero

pairs represent 0. For parts c) and d), stress that the
presence of a minus sign in the first integer in a
multiplication indicates that chips are to be removed.
Reinforce the idea that this example uses a familiar
problem solving strategy (Model It), and ask students
if they can think of another strategy they could use
(e.g., Draw a Diagram).

Students will need to use integer chips and diagrams
to complete the Show You Know questions.

Example 2

Example 2 shows an application of integer
multiplication. Make sure that students understand
the use of positive and negative integers to represent
the quantities that are multiplied. Emphasize the
importance of including the summary statement

to explain the meaning of the integer product.
Negative integers can be used to represent a negative
temperature value, such as —15 °C, or a temperature
decrease. The summary statement in the example
explains that the integer product, —15, represents a
decrease of 15 °C in this case.

Some students may need integer chips or diagrams to
complete the Show You Know question.

Meeting Student Needs

* For #6a) in Explore the Math, some students may
need assistance to determine how many zero pairs
to use and what to remove.

* Have students work through the examples in pairs,
then complete the Show You Know independently.

* In Example 2, ensure students understand that the
negative sign means the temperature went down.

ELL

* Students may need assistance identifying inferences
in the Explore the Math section.

e Ensure students understand the following words:
icefields, border, melting, and receding.

* When working through the examples, ensure that
students know the required math language, such
as positive, negative, product, multiplication
statement, minus, decrease, and increase.

 Before students work on word problems, have
the class brainstorm different words that refer
to different operations. Post these words in the
classroom (e.g., addition: more, increase, sum,
taller, longer, and, together).

Common Errors

e Some students may not understand when to model
with zero pairs.

R, Point out that modelling the multiplication

(+4) x (+2) involves the insertion of four groups
with two red chips in each group. In contrast,
modelling the multiplication (—4) X (42), in
which a negative integer appears first, involves the
removal of four groups with two red chips in each
group. In order for these chips to be removed, zero
pairs are used to include sufficient chips.

* Some students may be unsure of how many zero
pairs to use.

R, Explain that the number of chips to be removed
determines the number of zero pairs. For example,
modelling (—4) X (42) involves the removal
of four groups, each containing two red chips
(i.e., the removal of eight red chips altogether).
Beginning with eight zero pairs provides sufficient
red chips for removal.
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Answers

Explore the Math 8. Answers may vary. Example: To model the multiplication of an
integer by a positive integer, insert integer chips of the appropriate
1900 00 o0 b6 colour. To model the multiplication of an integer by a negative

2.2)3+3+3+3 b) 00 000 000 OO integer, remove integer chips of the appropriate colour from zero
¢) 12 pairs. To find the number of zero pairs needed, first remove any
negative signs from the two numbers you are multiplying so that
3.2) (5 + (5 + (-5 b)oocococo ©ocoO ©EO both are positive. Then, multiply the two positive numbers.
¢) -15

Show You Know: Example 1

4. 2) PO CEOO® PR (+3) X (+5) = '
a) 00 @® ®® ®® Theproductis+S8.

b) @@ @0 (+2) x (+3)=6
) 00O 00O 000 000 (+4)x (=3)=-12 b) o0 ©6 ©0o ©00 o0 Theproductis-10.

d) cooo 0000 ©000 (+3) X (-4)=-12 ) m{ m{ m{ [m{ The product is -8.

© 6 6 6 6 0 o o

5. Answers may vary. Example: No, you cannot have a negative
number of groups.

d) & & & & @ D Tpe product is +6.
6. a) Answers may vary. Example: The diagram representing (-2) X (+3) Q Q Q Q Q Q

shows adding six zero pairs. Then, removing two groups of three red
chips leaves six blue chips. The diagram representing (-3) X (4)  Show You Know: Example 2
shows the addition of 12 zero pairs. Removing three groups of Th o

t fell .
four blue chips leaves 12 red chips. ¢ temperature fell by 8 °C

b) -6; 12
7.2 90 QOO OO0 QOO (4 (13)= 112

e &R 6 ]
v o o o f

(-5) X (+2)=-10
ro—o—o—n/ (2) x (+4) =

@
@@@ © o o O
) ES-3-J Hx=

9@

Assessment Supporting Learning

Assessment as Learning

Reflect on Your Findings « Ask students who need assistance with #8 to use the class responses as a springboard to
Listen to students’ descriptions and respond to this question.

explanations to both questions. A
discussion may be necessary to clarify
student thinking to ensure understanding
of the concept of integer multiplication
using integer chips.

Assessment for Learning

Example 1 * Have students work with a partner and talk through their thinking.
Have students do the Show You Know * Have students refer back to the previous examples that model a question pattern similar to
related to Example 1. those asked in Example 1.

* Some students may benefit from guiding rules. For example:
— If the leading factor is positive, the question can be completed as repeated addition.
— If the leading factor has a negative sign, you need zero pairs. The negative sign tells you
that you will be removing that quantity of the second factor, e.g., (-2) X (-3) means remove
two groups of (=3) or blue chips.

Example 2 * Have students work with a partner and discuss their thinking.
Have students do the Show You Know * Have students represent the temperature and time as integers and use integer chips and
related to Example 2. diagrams.
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* To model the multiplication of an integer by a positive integer, you can
insert integer chips of the appropriace colour.

=
B 29
L;i" 29
*'® ®®
(+2) % (=3) = —6
* To model the multiplication of an integer by a negative integer, you
can remove integer chips of the appropriate colour from zero pairs.
229999 295 299 255999
290290 G039
JL\ T
(=2 x{-3)=+6
Communicate the Ideas

1. David said thar he could model the multiplication (+3) x (—7)
using 3 red chips and 7 blue chips.
a) Do you agree with David? Explain.
b) What chips would you use to model (+3) x (=7)? Explain.

2. To model (=3} x {=35), Raini places
15 zero pairs on her desk,
a) Why did she use 15 zero pairs?
) What should she do next?

D9299900252999»
205550555550 05

3. a) Paclo models (=2} % (+3) as shown in the diagram. He
determines the correct product, =6, Explain why his method works.

soao@ﬁi{ FTTT)

IPPPDPIIID
IPDIIDPDIIID

) Could Paclo model the product if he started with 4 zero pairs? Explain.

4. Jasmine said that she did not need any integer chips to multply
0 x (+2] or to multiply (=3} x 0. Explain her thinking.

290 MHR« Chapter 8

Have students read and review the Key Ideas. Stress
that modelling multiplication in which the first
integer is negative involves the use of zero pairs
because of the need to remove integer chips.

Communicate the Ideas

You may wish to have students complete the
questions in groups and then discuss their answers.
When students have considered #3, reinforce the idea
that the minimum possible number of zero pairs is
usually chosen to model a multiplication in which a
negative integer appears first.

Assessment

Meeting Student Needs

* Connect multiplying using integer chips to other
areas of students’ lives. For example, you might use
pony beads, feathers, or willow sticks to help teach
this concept.

* Invite a community member or an Elder to talk
about counting systems used in other parts of the
world or by First Nations or Inuit communities
prior to European contact.

Answers

Communicate the Ideas
1. Answers may vary. Example:
a) No, he is showing the sum of 3 and 7.
b) Three groups of seven blue chips each are needed to represent
(+3) X (=7). Each blue chip represents a negative unit.

2. Answers may vary. Example:
a) She needs to remove 15 chips.
b) She should remove three groups of five blue chips.

3. Answers may vary. Example:
a) After he removes the four zero pairs, he has six blue chips left,
which represent the product, —6.
b) No, he needs to remove six red chips; four zero models have only
four red chips.

4. Answers may vary. Example: Zero groups of two chips contain
zero chips.

Supporting Learning

Assessment as Learning

Communicate the Ideas

Have all students complete #1, #2, and #4.
Essential level students should also do #3 as it
combines the conceptual understanding of #1
and #2. You may wish to discuss #4 as a class.
Have students explain their thinking and how
integer chips may or may not be used.

* Consider having students work in groups or pairs.

* Check answers to questions #1 and #2. These are key questions; make sure students
understand the concepts before proceeding.

* Have students continue to use integer chips and diagrams as needed.
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10, Whar mulriplication starement does
each set of diagrams represent?

Check Your Understanding
 Practise J

For help with &5 to #14, refer to Example T on
pages 288-289.

.-fil-’j\.-fr.-. (35
e e e e

5. Write each repeated addirion as a
multiplication.
a) (+1) + (+1) + (+1) + (+1) + {+1)
B) (=6) + (=6)

>>>005>
22292929

L]

-

. Write each expression as a multiplication.
8) (+7) +(+7) + (+7]
b) (—=4) + (—4) + (—4) + (—4)

29009290

o

Write each multiplication as a repeated
addirion,

al (+3) % (+8)

- What multiplication statement docs

b} (+5) % (=6} &
1 each ser of diagrams represent?

8. Write each expression as a repeated a)
addition. 295890
a) {+7) % {+2) b} (+4) x (=9) 299999
9. \.K-'E.ll.u |Inulr|:5>liu.|:iun ~ll.m-m?-r|().lm--. ’, ’ , ,’
cach set of diagrams represent? ?’L" 29
al ‘ ‘ 4
23333 »
bl
22353595 299250959
229299559
T I 1T 4

299 222209

2925992955

PIIDPIDIDIID
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15. An aircraft descends ar 3 mis for 12 5.
Use the multiplication of two integers 1o

12. What multiplicarion statement does each
set of diagrams represent?

» represent the situation. How far does the
2999592 aircraft descend?
2959999
r 16. A building has 10 storeys above ground
g and 3 storeys below ground. Each storey
208000y has a height of 4 m.
2999999 a) Whar is the toral height of the building
above ground?
b Whar is the toral depth of the building
2009935 below ground?
8 17. An oil rig is drilling a well ar 2 mfmin.
2999593999 How deep is the well after the firse 8 min?
29299999959

18. Does doubling an integer always result
in an integer of greater value? Explain,

2020929299

So0000008 [ Extend J
9. In a magic square, the numbers in cach
EEFRETEREEE) row, column, and diagonal have the same

sum. This is called the magic sum.
a) What is the magic T T

13. Copy and complete each multiplication sum for this magic | #2 | +3 | =2
statement. square?
#1 | +5
a) (+4) % (+6] bl (+7) % (=2}
€ (=1) x (+5} di (=8 % (=2} o4 il o

b Mulriply cach integer in the square by
—2. Is the resule another magic square?

For help with #14 to #17, refer to Example 2 on
page 289,

If so, what is the new magic sum?
o Create a magic square with a magic
sum of =12,
14, Use the muliplicarion of rwo integers 1o
represent cach sitvarion. Then determine 2
the product and explain its meaning.

. Arrange the following numbers of +1s
and —1s in the small squares on a three-
by-three grid so that each re
and diagenal has a product of —1.

column,

a) The temperature increased for 6 hat
2 °C per hour.
b) Ayesha repaid some money she owed #) six +1s, three —1s

in 4 instalments of $8 each. b) four 4 1s, five =1s
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Practise

For #13, encourage students to work with a partner and
check the answers using integer chips. You may wish to
have students work in small groups for other Practise
questions at this early stage of integer multiplication.
Some students may be able to visualize the chips
without handling them physically or drawing them by
the end of the Practise questions. Some students may
begin to make their own generalizations about the
sign of the product of an integer multiplication.

Apply

Students must model the descriptions mathematically
for #14 to #17, which involve real-world applications.
For these questions, students may disagree on the
order in which the integers should be written in a
multiplication. If so, have students compare their
answers to see that the order of multiplication does
not affect the product. Stress that the final line of the
solution should be a summary statement that explains
the meaning of the integer product.
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For #18, encourage students to think about the signs
of integers and to compare and order integer values.
By considering examples, many students will conclude
that the answer depends on the sign of the integer, but
they may fail to consider zero, which is also an integer.

Extend

The Extend questions involve the determination

of the product of three integers. Students who are
modelling with integer chips or diagrams will need to
multiply two of the integers and then multiply their
product and the third integer. Students who are able
to think more abstractly may already be arriving at
generalizations that will allow them to decide both
the sign and magnitude of the product. You may wish
to have students compare their methods to see that
the order in which the three integers are multiplied
does not affect the product.

Meeting Student Needs

* Provide BLM 8-5 Section 8.1 Extra Practice to
students who would benefit from more practice.



Common Errors

» Some students may not allow for the signs of the
integers they are multiplying.

* Some students may be unsure of where to use
brackets in writing multiplication statements.

R, Reinforce the idea that brackets are used to
distinguish integer signs from operation symbols.
Therefore, brackets go around a number and its
positive or negative sign.

Ry Reinforce the use of the two colours of
manipulatives to account for positive and negative
integers and to determine the sign of the product.

* Some students may omit the summary statement from

solutions to problems involving real-world data.

* Some students may confuse the multiplication and
addition of integers.
R, Stress that integers representing measurements
must be explained in order to complete the

R, Remind students that multiplication is repeated
addition, and provide an example with whole

numbers to distinguish addition and multiplication.
For example, 3 + 2 = 5, but 3 X 2 = 6, because
3X2=2+2+2

solution. Giving the final answer to a problem
involving temperatures as —20 does not indicate
whether the temperature is —20 °C or whether

the temperature has decreased by 20 °C. Giving
the final answer to a problem involving distance
as —12 does not indicate the units in which the
distance is measured or whether the distance is
below a certain level (e.g., sea level) or is a distance
an object has moved downward or backward.

* Some students may be unsure of how to represent
real-world quantities with integer values.

R, Provide more practice in assigning integer values
in familiar contexts, such as temperature increases
and decreases, distances above and below sea
level, and money earned and spent.

Assessment Supporting Learning

Assessment for Learning

Practise and Apply
Have students do #5, #7, #9, #13, and

* Students who need assistance with #5 and #7 may benefit from additional coaching. Have
students explain their thinking on these questions using integer chips if necessary, and clarify

#14. Students who have no problems any misunderstandings. Coach students through #6a) and #8a), and then have them complete

with these questions can go on to #6b) and #8b) on their own. Have students check back to previous examples in the student

complete the rest of the Apply questions. | resource for additional prompting. Check back with students to make sure they understand
the concepts.

* Coach students who need assistance with #9. Have them explain their thinking, and clarify
any misunderstandings. Coach them through #10a), and then have them complete part b) and
#11 and #12 on their own.

« Students who need assistance with #13 may benefit from additional coaching with Example
1. Have students explain their thinking using integer chips if necessary, and clarify any
misunderstandings. Coach students through #13a), and then have them correct any errors in
the remaining parts of the question. Check back with students to make sure they understand
the concepts.

* Provide additional coaching with Example 2 to students who need assistance with #14. Coach
students through #14a), and then have them correct any errors in part b). Have them do #16
on their own. Check back with students to make sure they understand the concepts.

Assessment as Learning

Math Learning Log * Encourage students to look back through their work for ideas to help answer the questions.
Have students answer the following * Consider having students exchange their work with a classmate to check for errors and to
questions: suggest improvements. You may wish to provide students with Master 2 Two Stars and One
* What do you understand about using Wish for recording their feedback.
integer chips to multiply two integers? | « Encourage students to use the What I Need to Work On section of their chapter Foldable to
» What do you find difficult about note what they continue to have difficulty with.
L multiplying integers using integer chips?
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